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INTRODUCTION 


In Unit 1 we described how we study the notion of an algorithm in terms of 
a theoretical computing machine called an Unlimited Register Machine 
(URM). Recall that we defined a function f : N* — N to be 
URM-computable if there is a URM program which computes the values 

of f. We began our study of URM-computable functions by giving URM 
programs to show that certain functions are URM-computable. However, we 
soon turned to a different approach, that of proving general results about 
URM-computable functions. This is the approach that we shall continue to 
pursue in this unit. 


In Unit 1 we proved three key theorems which provide a starting point for 
this approach. The first is Theorem 2.1, which tells us that certain very 
simple functions are URM-computable. 


Theorem 2.1 of Unit 1 


The following functions are URM-computable. 
(a) The zero function 


zero: N — N 


ni— 0 
(b) The successor function 


succ: N — N 
e Ol 
(c) The projection functions 
uk : NF — N 
(n1, N2,- , Nk) —> Nm 


for all positive integers m, k with m < k. 


The other two key theorems relate to two processes which generate new 
functions. The first of these processes is substitution. If f : N — N, 
gı: NEN g2: | ge: N* — N are functions, then the 
function h : NX — N defined by 


h(ni, n2, sae Nk) = 
FO n2,---,; Mk), G2(M1, narea nk): s Jili N2,-.--,Mk)) 
is said to be obtained from f, g1, g2, .--, ge by substitution. The key 


theorem related to this process tells us that the class of URM-computable 
functions is closed under substitution. 


Theorem 3.2 of Unit 1 
If the functions f : N — N, gı : NE= N, g2: NEN ee 


ge : NË — N are all URM-computable and h : Në — N is defined 
from them by substitution, then h is also URM-computable. 


See Definition 3.1 of Unit 1 for 
substitution. 


The second process is primitive recursion. If f : N* — N and 
g: N+? — N are functions, then the function h : N**! — N is said to be 
obtained from f and g by primitive recursion if 


h(ny,n2,...,Mk, 0) = f (ni n2; i- nk), 


ees 


The key theorem related to this process tells us that the class of 
URM-computable functions is closed under primitive recursion. 


h(ny,n2,-..,Ne,n2+ 1) = g(n1, N2,...,NK,N, h(n, na, .. 


Theorem 3.3 of Unit 1 
Let f: N” — N and g: N**? —, N be URM-computable functions. 


Then the function h : N**? — N obtained from f and g by primitive 
recursion is also URM-computable. 


In this unit we shall begin by exploring the power of these theorems. We 
shall see in Section 1 that they enable us to prove that a whole host of 
functions is URM-computable. It will begin to look as though any 
URM-computable function can be obtained from the functions listed in 
Theorem 2.1 of Unit 1 using substitutions and primitive recursions. 
However, this first impression turns out to be wrong, and we explain in 
Section 2 why the processes of substitution and primitive recursion are not 


powerful enough to generate all the URM-computable functions. In order to 


provide this explanation, we shall need to study some of the theory of 


infinite sets. The missing link — that is, the additional process that we need 


in order to obtain all the URM-computable functions — is discussed in 
Unit 3. To lead into that discussion, in Section 3 we introduce the concept 
of bounded minimization and prove a number of theorems based on this 
concept. 


This unit is rather longer than the other units in the Mathematical Logic 

part of the course. You may also find some of the material rather difficult. 
You should, however, try not to spend much longer studying this unit than 
others in this part of the course. All the material in this unit is important, 


but the most important material is in Section 1 and Subsection 3.1, so make 


sure that you study those parts of the unit carefully. As you progress 
through Sections 1 and 3, you will notice that the level of formality within 
arguments decreases; as you study these sections, you should bear in mind 
that one of the aims of this unit is that you should develop a facility with 
the less formal style of argument. 


1 PRIMITIVE RECURSIVE 
FUNCTIONS 


This section introduces the idea of a primitive recursive function. 
Subsection 1.1 provides a definition and some simple examples of this 
concept. Subsection 1.2 introduces the characteristic function, a function 
which describes a set or a relation and which will prove very useful later in 
this unit and in Unit 3. In particular, in Subsection 1.3, we see how 
characteristic functions can be used to show that more complicated 
functions, defined by cases, are primitive recursive. 


See Definition 3.3 of Unit 1 for 
primitive recursion. Definition 3.2 
of Unit 1 concerned a function of 
one variable defined by primitive 
recursion, which can be thought of 
as a special case of the general 
definition with k = 0 and the 
function f replaced by a 

constant a. We shall henceforward 
assume that this special case is 
covered by the general definition. 


Theorem 3.4 of Unit 1 dealt with 
the case of a function of one 
variable, which can be thought of 
as a special case of Theorem 3.3 
with k = 0 and the function f 
replaced by a constant a. We shall 
henceforward assume that this 
special case is covered by the 
general theorem. 


1.1 Definitions and examples 


We are going to look at functions that we can prove to be URM-computable 
by using the theorems listed in the Introduction. These are-the functions 
that can be obtained from the basic functions given in Theorem 2.1 of Unit 1 
using the operations of substitution and primitive recursion. The functions 
obtainable in this way form an important class of functions, called primitive 
recursive functions, as primitive recursion is the more significant of the two 
processes used to obtain them. Thus we begin with the following definitions. 


Definition 1.1 Basic primitive recursive functions 


The basic primitive recursive functions are 


(a) The zero function 


zero: N — N 


NEO 
(b) The successor function 


succ: N — N 
(Py [bse lh 
(c) The projection functions 
UEN —N 
(n1,N2,---;Nk) —> Nm 


for all positive integers m, k with m < k. 


Definition 1.2 Primitive recursive function 


A function is said to be primitive recursive if it can be obtained from 
basic primitive recursive functions using the operations of substitution 
and primitive recursion a finite number of times. 


It is an immediate consequence of Definition 1.2 that if a function f can be 
obtained from functions already known to be primitive recursive by 
substitution or primitive recursion then f is primitive recursive. We shall 
often make use of this fact. 


The following theorem results immediately from these definitions and 
Theorems 2.1, 3.2 and 3.3 of Unit 1, stated in the Introduction to this unit. 


Theorem 1.1 


Every primitive recursive function is URM-computable. Note that it does not follow that 
every URM-computable function is 
primitive recursive. We discuss this 
We now exploit Theorem 1.1 by giving a catalogue of functions which are point in the next unit. 


primitive recursive and hence URM-computable. Some of the functions in 
our catalogue are standard functions; others are there because we need to 
make use of them later. 


Example 1.1 
The constant function 
Cı: N — N 


n= 1 
is primitive recursive. 
Since succ(0) = 1, we see that 
Cı(n) = succ(zero(n)). 
Thus C; is obtained by substitution from the basic primitive recursive 


functions succ and zero and so is primitive recursive. 4 


Problem 1.1 


Use Mathematical Induction to prove that, for each natural number a, the 
constant function 


Ca :N— N 


i 


is primitive recursive. 


The result of Problem 1.1 can be generalized to show that, for each natural 
number a, the constant function 


GENEN 
(ni, n2,... nk) a 


is primitive recursive. 


Example 1.2 Addition 


We have already shown directly, by giving an appropriate URM program in 
Unit 1, that the function add : (n, m) —> n + m is URM-computable. Now 
we shall show that it is primitive recursive by showing that it can be defined 
by primitive recursion from functions we already know to be primitive 
recursive. 


We observe that 
add(n,0) =n +0 =n 
and that 
add(n,m + 1) = n + (m + 1) = (n + m) + 1 = succ(add(n, m)). 
To show that add is defined by primitive recursion, we need to produce 
primitive recursive functions f :N — N and g : N? — N such that 
add(n,0) = f(n), 
add(n, m + 1) = g(n, m, add (n, m)). 
Since add(n, 0) = n, we see that f must be the function given by f(n) = n: 


that is, f must be the basic primitive recursive function U} (the identity 
function). 


Since add(n,m + 1) = succ(add(n, m)), we see that g must be a function 
which maps the triple (n,m, add(n,m)) to succ(add(n,m)). A suitable 
function is thus g : N? — N given by 


g(n1, n2, ng) = succ(ns3), 
for then 
g(n, m, add(n, m)) = succ(add(n, m)). 


You are asked to prove this in 
Additional Exercise 1 for this 
section. 


Thus to show that add is primitive recursive, it remains to show that g is 
primitive recursive. To do this we can use the projection function U3 to 
write 


g(n1, n2, n3) = suce(U3(ni, n2,N3)). 


This shows that g is obtained by substitution from the basic primitive 
recursive functions succ and U3 and so is primitive recursive. 


Thus add is obtained by primitive recursion from the primitive recursive 


functions U} and g, and so is a primitive recursive function. + 


Example 1.3 Multiplication 


We shall show that the function mult : (n,m) —> n x m is primitive 
recursive. 


We observe that 
mult(n,0) =n x 0=0 
and that 
mult(n,m + 1) = n x (m + 1) = (n x m) +n = add(mult(n, m), n). 


From these equations we shall see that mult is obtained by primitive 
recursion from known primitive recursive functions. 


First we note that 
mult(n,0) = 0 = Co(n), 
where Co is primitive recursive (by Problem 1.1). 
Next we require a function g : N? — N such that 
mult(n, m + 1) = g(n, m, mult (n, m)). 


Since mult(n, m + 1) = add(mult(n,m),n) we see that a suitable function g 
is given by 


g(nı, n2, n3) = add(ng, nı). 
Using projection functions we can write this as 
g(nı, ne, n3) = add(U3(n1, ne, n3), U? (nı, nə, n3)) : 


This shows that g is obtained by substitution from add, shown to be 
primitive recursive in Example 1.2, and the basic primitive recursive 
functions U3 and UŽ. So g is a primitive recursive function. 


Thus mult is obtained by primitive recursion from the primitive recursive 
functions Co and g. Therefore mult is a primitive recursive function. 4 


One of the techniques employed in Examples 1.2 and 1.3 was to use 
projection functions to obtain formulas that satisfied the definition of 
substitution. Projection functions can commonly be used in this fashion, to 
provide functions of the appropriate number of variables, when 
demonstrating that a function is obtained by substitution or primitive 
recursion from known primitive recursive functions. In a sense, projection 
functions are used to pick out a particular variable or to reorder variables. 


Problem 1.2 


Show that, for fixed natural numbers a and b, the linear function given by 
n — an + b is primitive recursive. 


The use of constants, such as a and b in Problem 1.2, is very common in 
defining functions, so that we shall benefit from generalizing the way that 
the constant functions and projection functions were used in our solution. 


Notice how the projection function 
U3 is used to obtain a formula for 
g that satisfies the definition of 
substitution, which requires that 
the function(s) substituted into the 
right-hand-side function (succ 
here) are of the same number of 
variables as the left-hand-side 
function (g here). 


We could equally well have written 
the zero function zero(n) instead of 
the constant function Co(n). 


Notice again how projection 
functions are used to provide a 
formula for g that satisfies the 
definition of substitution. 


Problem 1.3 
Suppose that the function f : N — N is primitive recursive and that a is a 
fixed natural number. Show that each of the functions g1, g2, 93 of two 
variables given by 

gı(nı, n2) = f(a,n1,n2) 

go(m1, n2) = f (nı, a, n2) 

g3(nı, n2) = f (n1, n2,a) 


is primitive recursive. 


The result of this problem can be generalized to show that, for any k > 0, if 
the function f : N*t! — N is primitive recursive and a is a fixed natural 


number, then for each i = 1,2,...,k + 1 the function g; of k variables 
defined by 
gilni N2,---, Mk) = A EE E R OR PR 


is primitive recursive. We shall often make repeated use of this result to 
substitute for several of the variables of a primitive recursive function f by 
constants, and we shall describe a function constructed in this way as 
defined from f using constants. Thus, for example, the function h in the 
solution to Problem 1.2 was defined from the primitive recursive function 
mult using constants, and hence we can deduce immediately that h is 
primitive recursive. 


Another result that will prove useful is exemplified by the following problem. 


Problem 1.4 


Show that if f : N? +> N is primitive recursive then so is g : N — N given 
by g(n) = f(n, n). 


The result of this problem can be generalized to show that if the function 
TONS — Nis primitive recursive then so is the function g : N! — N, 
where j < k, obtained by equating one or more of the variables of f. 


In future we shall often not make so much fuss about the details when 
showing that particular functions are primitive recursive. In particular, we 
shall generally not bother to point out where projection functions and 
constant functions are used. Other details may fall by the wayside too. For 
example, to show that a function h : N? — N defined by primitive recursion 
is a primitive recursive function, we shall usually be content to observe that 
the function f(n) = h(n,0) is a primitive recursive function and that 

h(n,m + 1) can be expressed in terms of n, m, h(n,m) and constants using 
functions already known to be primitive recursive, confident that we could 
supply the full details if necessary. Using this less formal approach, we would 
be content to justify that mult is primitive recursive just by defining it by 


mult(n, 0) = 0, 
mult(n,m + 1) = add(mult(n,m), n), 


and then remarking that it is obtained by primitive recursion from the 
primitive recursive function add. Similarly for the function n > an + b we 
would be content to write 


an + b = add(mult(a, n), b) 


and remark that n +— an + b is obtained by substitution from the primitive 
recursive functions add and mult using constants. In fact, we may 
sometimes not even bother to write down the expression add(mult(a, n), b) 
and may simply make the remark based on the expression an + b. We follow 
this less fussy approach in the following examples. 


These are the functions defined 
from f by substituting the constant 
a for one of the variables of f. 


The constant a has been 
substituted for the ith variable 
of f. 


h(n) = mult(a,n). 


We include the details in margin 
notes for the remainder of this 
subsection, to try to help you to 
see which details may safely be 
omitted when demonstrating that a 
function is primitive recursive. 


Notice that we do not bother to 
remark that we use the constant 
function Co to show that 

f(n) = mult(n, 0) is primitive 
recursive or that we use the 
projection functions UŠ and UÈ to 
show that add(mult(n, m), n) is 
primitive recursive. 


Example 1.4 Exponentiation 
By exponentiation we mean the function exp: (n,m) > n™. We shall show 
that this function is primitive recursive. 
Note that n° = 1 and that n™+! = n™ x n. Thus we have the equations 
exp(n,0) = 1, 
exp(n,m + 1) = mult(exp(n, m), n), 


which define exp by primitive recursion from the primitive recursive function 
mult. Thus exponentiation is a primitive recursive function. $ 


Example 1.5 Cut-off subtraction 


Another natural operation to consider is subtraction. Here we run into the 
technical problem that we are working with the set N of natural numbers, 
which is not closed under subtraction. For example 2 — 5 ¢ N. We get over 
this difficulty by defining a new function called cut-off subtraction for which 
we use the symbol ~ and which is defined so that n ~ m = 0 whenever 
n—m <0: that is, it is defined by 


n= m; 
n-m= 
0, 


We shall show that the function (n,m) — n = m is primitive recursive. 


ifm<n, 


if n< m. 


Anticipating the use of primitive recursion to define the function, we 
investigate whether n ~ (m + 1) can be defined in terms of n >m. After a 


bit of thought, we see that 
(n>m)-1, ifn>m>0, 
0, otherwise. 


ne (man= | 


Hence we can define cut-off subtraction in terms of the simpler-looking 
function which maps k to k — 1 when k > 0 and maps 0 to 0. We call this 
the predecessor function, written pred. If pred is primitive recursive, then 
we can use it to show cut-off subtraction to be primitive recursive. The 
equations 


pred(0) = 0, 
pred(n + 1) =n, 


define this function by primitive recursion from functions already known to 
be primitive recursive. Hence pred is a primitive recursive function. 


Now we can define cut-off subtraction by the equations 
n-O=n, 
n > (m+ 1) = pred(n > m). 


This is a definition by primitive recursion from the primitive recursive 
function pred. Hence we can deduce that cut-off subtraction is a primitive 
recursive function. 4 


Note that when trying to show that some interesting function is primitive 
recursive, we typically have to decompose it somehow into simpler-looking 
functions and try to show that these are primitive recursive. 


The following problems establish that some further important functions are 
primitive recursive. 
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More formally, exp is defined by 
primitive recursion from the 
functions 


f(n) = Ci(n), 
g(n,m, k) 
= mult(U3(n,m, k), U?(n, m, k)), 
where C; is primitive recursive and 
g is primitive recursive since it is 
obtained by substitution from the 


primitive recursive functions 
mult, UŠ and UŽ. 


More formally, pred is defined by 
primitive recursion from the 
constant 0 and the function 


g(n, m) = U? (n, m), 


where U? is primitive recursive. 


More formally, ~ is defined by 
primitive recursion from the 
functions 


f(n) = Ur (n) 

g(n,m, k) = pred(U3 (n, m, k)), 
where Uj is primitive recursive and 
g is primitive recursive since it is 
obtained by substitution from the 


primitive recursive functions pred 
and U3. 


Problem 1.5 


(a) Does (n >m) + 1 always equal n ~ (m ~ 1), where n and m are natural 
numbers? 

(b) The maximum function, written as max, is defined by 

nm. im <n, 

ite, E n <m. 


max(n, m) = l 


Show that max(n,m) = (n > m) +m for all natural numbers n and m. 
Hence deduce that max is primitive recursive. 


(c) Use cut-off subtraction to show that the minimum function min defined 
by 
’ m, Emn 
min(n,m) = 


Ns Anon, 


is primitive recursive. 


Problem 1.6 
Show that the absolute difference function adf defined by 


adf(n,m) = |n — m| 


is primitive recursive. 


It is worth noting that, already, our catalogue of primitive recursive 
functions includes the basic primitive recursive functions zero, succ and UF, 
the constant functions Ca and C*, and the functions add, mult, 

n | an + b, exp, ~, pred, max, min and adf. 


1.2 Characteristic functions 


In this subsection we shall develop some of the machinery needed to show 
when a function defined by cases is primitive recursive, and hence 


URM-computable. Here is a typical example of such a function: There are other examples in 
i 4 z Subsection 1.1, e.g. the max and 
f(a) = 9”, if n is even, min functions in Problem 1.5. 
3n+1, ifn is odd. 


This function has two cases: the case when n is even and the case when n is 
odd. It is computed using a different formula in each case. There is an 
algorithm for computing the values of f since, given n, there is an algorithm 
which tells us whether n is even or odd; then, depending on what this 
algorithm tells us, we either apply the algorithm which computes in or the 
algorithm which computes 3n + 1. 


Informally, then, it is pretty convincing that this function f is computable. 
We shall establish this more formally within the contexts of 
URM-computability and primitive recursive functions. Our aim will be to 
combine the different cases of f into a single formula using primitive 
recursive functions. 


In order to achieve this aim, we shall first need to clarify what we mean by 
an algorithm which tells us whether a particular case holds, for example 
whether a given number n is even, since up to now we have thought of 
algorithms as computing values of functions and not as answering questions 
such as whether a number is even. This is done by means of the notion of a 
characteristic function of a set. This-is the function which takes the value 1 
at a number n if n is in the given set and the value 0 at n if n is not in the 
given set. 


11 


Definition 1.3 Characteristic function of a set 


If A is a subset of N, then the characteristic function of A, which we 
denote by x4, is the function x4 : N — N given by 


l, ifn €A, 
0, 


if n g A. 
Testing whether n is even is the same as testing whether n is in the set E of 
even numbers. So the question of whether there is an algorithm which tests 
whether n is even can now be phrased in terms of asking whether there is an 
algorithm for computing the value at n of characteristic function Xp of the 
set E. 


x is the Greek letter ‘chi’ 
(pronounced kye, so as to rhyme 
with ‘why’). 


We shall use the idea of a characteristic function to extend the terminology 
of URM-computability and primitive recursion from functions to sets of 
natural numbers. 


Definition 1.4 


A subset A of N is said to be a URM-computable set if its 
characteristic function x4 is a URM-computable function. 


A subset A of N is said to be a primitive recursive set if x4 is a 
primitive recursive function. 


Note that, since every primitive recursive function is a URM-computable 
function, it follows immediately that every primitive recursive set is also a 
URM-computable set. 


Example 1.6 
The subsets {0} and Z* = {n : n is a positive integer} of N are primitive 
recursive sets. 


We observe that 1 >n = 1 if n = 0 and 1 +n = 0 if n > 0. Thus 
X(n) =1+>n, 
and so X,o} is primitive recursive as it is obtained by substitution from the 


primitive recursive function ~ using constants. Thus {0} is a primitive 
recursive set. 


Next we observe that if n = 0 then Xto} (X40}(")) = X{o} (1) = 0, while if 
n > 0 then xX1o}(X40}(")) = X40} (0) = 1. Thus 


Xz+(n) = X 0} (X{0}(7)) 


and so xz+ is primitive recursive as it is obtained by substitution from the 
primitive recursive function Xto}. Thus the set Z* is a primitive recursive 
set. + 


The characteristic function of the set Z* of positive integers is traditionally 
known as the signum function and denoted by sg. We shall denote the 
characteristic function of {0} by 8g, usually called signum-bar. These 
functions will be much used henceforth. Let us note that 


ie Sha "0, 
s8(")= 10, ifn=o, 
T= Lie 
BY = 10> iEn Ot: 


Problem 1.7 
Show that the set E of even natural numbers is primitive recursive. 


The set Z* considered in Example 1.6 is the complement of the set {0}. In 
general the complement of a set A of natural numbers is the set 

{n e N:n ¢ A} and we write this set as N \ A. The argument we used in 
Example 1.6 extends to this general case. 


Theorem 1.2 


If the subset A of N is primitive recursive, then so also is its 
complement N \ A. 


Proof 
As xn\a(n) = 1 if and only if x4(n) = 0, we see that xy; is given by 
Xn \a(”) = 58(X4(7)). 


Thus Xy\ 4 is obtained by substitution from the primitive recursive 
functions sg and y 4. Hence Xn \a is a primitive recursive function and so 
N \ A is a primitive recursive set. a 


Problem 1.8 


Prove that if the sets A and B of natural numbers are primitive recursive 
then so also are the sets AN B and AUB. 


From Problem 1.8 we can deduce that the intersection or union of any finite 
number of primitive recursive sets is a primitive recursive set. 


Now we can show that the function f described at the beginning of this 


subsection is primitive recursive. 


Example 1.7 
Let E be the set of even natural numbers. The function f defined by 


in, ifn € E, 
f(n) = ! 
3n +1, ifn ¢ E, 


is primitive recursive. 


Let g : N — N be the function defined by In choosing the function g, we need 
1 if E to ensure that g(n) = įn if n € E 
g(n) = z7% une L, and that g(n) E N ifn ¢ E. We 
$(n —1), ifn¢gE. also desire that g can, fairly easily, 


be demonstrated to be primitive 


We observe that g(n + 1) = g(n) if n +1 is odd and g(n + 1) = g(n) + 1 if recursive. The function g we have 
n+ Lis even chosen satisfies these conditions, 
Í though there are other functions 


Thus, since n + 1 = succ(n), g can be defined by the equations we could have chosen. 
g(0) =0, 
g(n + 1) = g(n) + Xp(suce(n)). 


It follows that g is primitive recursive, since it is defined by primitive 
recursion from the constant 0 and the primitive recursive functions add, X p 
and succ. 
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Alternatively, we can choose not to use succ and write 


g(0) = 0, 
g(n +1) =g(n)+xgp(n +1), 


and declare that g is primitive recursive since it is defined by primitive 
recursion from the constant 0 and the primitive recursive functions add and 
Xg using constants. 


Also h:n — 3n + 1 is primitive recursive because it is a linear function 
(Problem 1.2). 


Now f may be defined by the single formula 
f(n) = 9(n)x x(n) + h(n) 58 (xe (n)). 


It is easily checked that this gives the correct values: 
e if nis even, p(n) = 1 and 5&(xp(n)) = 0 so that f(n) = g(n) = $n; 
e if nis odd, xg(n) = 0 and 5&(xg(n)) = 1 so that f(n) = h(n) = 3n +1. 


Since f is obtained by substitution from the primitive recursive functions 
add, mult, g, Xg, h and 8g, it is a primitive recursive function. 4 


The method we have used to show that the function f in Example 1.7 is 
primitive recursive can be generalized to cover other functions of one or 
more variables defined by cases. However, before doing this in the next 
subsection, we generalize the idea of a characteristic function. 


You will have noticed that the cases in the original definition of the 

function f, given at the start of this subsection, weren’t described in terms of 
whether n was in the set E of even numbers, but in terms of whether n was 
even. When defining a function of one variable by cases, it is fairly normal 
to express the cases in terms of a property of the input n, such as ‘n is even’ 
or ‘n is prime’, rather than in terms of the corresponding set (respectively ‘n 
is in the set of even numbers’ and ‘n is in the set of primes’). In general, 
every property of natural numbers corresponds to a subset of N. If P is a 
property of natural numbers, we write P(n) to indicate that a number n has 
this property and {n : P(n)} for the set of numbers with this property. An 
algorithm for testing whether n has the property P then corresponds to an 
algorithm for computing x 4(n) where A is the set {n : P(n)}. 


In the next subsection we shall look at the definition by cases of functions of 
more than one variable, where the cases are described by properties 
involving more than one variable. For example, we can consider the property 
of ordered pairs of numbers (n,m) that n is a divisor of m. A property 
involving ordered pairs of numbers is usually called a relation. Another 
example is the property that n < m, normally referred to as the < relation 
(and pronounced ‘the less than relation’). Given such a relation R, we write 
either nRm or R(n,m) to signify that the ordered pair (n,m) has the 
relevant property. This is analogous with the situation for functions: for 
particular functions such as addition or multiplication, we usually write 
n-+m orn xm, with the symbol for the function written between the 
variables, whereas we use notation such as f(n,m) for a general function of 
two variables. Likewise we use notation such as n|m or n < m for particular 
relations between numbers, but notation such as R(n,m) in the general case. 
As in the one-dimensional case, we can write {(n, m) : R(n, m)} for the set of 
ordered pairs in N? such that the relation R holds. We could then extend 
the definition of a characteristic function of a set to subsets A of N°, and an 
algorithm for testing whether the relation R holds for the ordered pair 
(n,m) would correspond to an algorithm for computing x4(n, m) where A is 
the set {(n,m) : R(n,m)}. 
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Remember that, to show that g is 
primitive recursive, we need to 
express g(n + 1) in terms of g(n) 
and n, so we have to justify the 
presence of the expression n + 1 on 
the right-hand side here. Since we 
have chosen not to use succ, the 
justification is that the function 

n > n + 1 is primitive recursive 
since it is obtained by substitution 
from the primitive recursive 
function add using constants. 
(Thus add is used twice here in 
showing that g is primitive 
recursive. ) 


Recall, from Number Theory, 
Unit 1, that n|m stands for ‘n is a 
divisor of m’. 


However, it simplifies matters if, instead of talking in terms of characteristic 
functions of sets, we define the characteristic function of a relation. This 
generalization of the idea of a characteristic function to relations enables us 
to focus directly on whether an ordered pair of natural numbers has the 
relevant property, rather than on whether that pair of numbers is in a 
particular set. 


Definition 1.5 Characteristic function of a relation on N? 


If R is a relation involving ordered pairs of natural numbers, its 
characteristic function is the function xp : N? — N given by 


i it Ream), 


0, otherwise. 


Xr(N, m) = l 


The relation R is said to be a URM-computable relation if its 
characteristic function Xg is a URM-computable function. 


The relation R is said to be a primitive recursive relation if its 
characteristic function %p is a primitive recursive function. 


Example 1.8 
The relation eq of equality between natural numbers is primitive recursive. 
Of course we intend eq(n, m) to hold if and only if n = m. We observe first 


that if n = m then |n — m| equals zero, but if n 4 m then |n — m| is positive. 
Therefore we can see that the characteristic function of eq is given by 


Xeq(n, M) = 5g(adf (n, m)). Recall from Problem 1.6 that the 
function adf, defined by 
Since this function is defined by substitution from the primitive recursive adf(n, m) = |n — ml, is primitive 
functions Sg and adf, it follows that Xeq is also a primitive recursive recursive. 
function. Therefore eq is a primitive recursive relation. 4 


Problem 1.9 
Prove that the relations < and < are primitive recursive. 


Since a > b if and only if b < a and since a > b if and only if b < a, we can 
deduce immediately from Problem 1.9 that the relations > and > are 
primitive recursive too. 


The idea of a relation between two numbers can be extended to relations 
between three or more numbers. For example, the relation ‘a is the 
arithmetic mean of b and c’ relates three numbers. We use the notation 
R(ni,n2,n3) for a general relation involving an ordered triple of natural 
numbers and R(n1,n2,...,n) for a relation involving an ordered k-tuple of 
natural numbers. We refer to a relation involving an ordered k-tuple of 
natural numbers as a k-place relation. Our notions of characteristic function 
and primitive recursiveness in Definition 1.5 can be extended to such 
relations in the obvious way. 
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Definition 1.6 Characteristic function of a relation on N” 


If R is a k-place relation, its characteristic function is the function 
XR: N* —.N given by 


1s, Ghee dio, = <The)» 
xamma) = { 5 (ni, n2 k) 


otherwise. 


The relation R is said to be a URM-computable relation if its 
characteristic function Xp is a URM-computable function. 


The relation R is said to be a primitive recursive relation if its 
characteristic function x, is a primitive recursive function. 


Example 1.9 
The relation R defined by 
R(n1,n2,n3) <=> ny is the arithmetic mean of nz and ng 
is primitive recursive. 
Since R(n1, n2, ng) if and only if 2n; = n2 + ng, the characteristic function 
of R is given by 
XR(M1, 2,23) = Xeq(2ni, N2 + N3). 


Thus xp is obtained by substitution from the primitive recursive functions 
Xeq mult and add using constants. Therefore yp is a primitive recursive 
function. Hence R is a primitive recursive relation. 4 


Problem 1.10 


Prove that if the k-place relations R and S are primitive recursive then so 
also are the k-place relations T, U and V defined, for all 
(n1, 2, Se , Nk) = N*, by 


T(ni,ne,---,%e) <> not-R(m,n2,--~,nx), 
U(ni,n2,...,; re) <=> R(n1,12,..., nx) and S(n1,N2,...,N), 
Vini ngeon) <=> R(m,ne,...,n~) or S(n1,N2,..., Nk). 


Problem 1.11 
Show that the relation R defined by 


R(n,n2,n3) => nı Sn < ng 


is primitive recursive. Hint: What is the characteristic function of the 
relation nı < na regarded as a function of the three variables n1, n2, n3? 


The results in Problem 1.10 will prove very useful later. 


Also useful later will be the analogue for relations of the result that a 
function obtained using constants from a primitive recursive function is 
primitive recursive. Thus if R is a primitive recursive (k + 1)-place relation 
and a is a fixed natural number then, for each i = 1,2...,k + 1, the k-place 
relation S; given by 


S Baa aa TR) = Rma asni i ir o e) 


is primitive recursive. This result follows immediately from the 
corresponding result for functions using the characteristic functions yp and 
Xs,- We shall refer to a relation obtained in this way as being defined from 
R using constants. 
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If k = 2 this corresponds to 
Definition 1.5. When k = 1 we 
have the characteristic function of 
the one-place relation, or property, 
R(n1). (For example, R(n1) could 
be the property ‘nı is even’.) In 
this case x p(n1) = X4(71) where 
A — {nı 4 R(nı)}. 


We use the symbol <=> as an 
abbreviation for ‘if and only if’. 


1.3 Definition by cases 


In this subsection we shall see how we can generalize the ideas in 

Example 1.7 so that we can show that a variety of functions defined by cases 
are primitive recursive. Before we can do this, however, we need to look 
again briefly at the definition of primitive recursion (Unit 1, Definition 3.3). 


This definition prescribes that recursion is over the last variable: that is, to 
define a function h : N+! — N by primitive recursion we need to specify 
h(n1,n2,..., nk, 0) and to express h(n1,n2,..., nk, n + 1) in terms of 

N1, N2,..., Nk, N and h(ni,n2,..., nk, n). This is not always the most 
convenient way to proceed. Sometimes we might like to take a variable other 
than the last as the recursion variable. The next problem hints at a way 
round this difficulty. 


Problem 1.12 


Let f : N? — N be a primitive recursive function and let h : N3 — N be 
defined by 


h(nı, n2, ng) = f (n3, nı, nə). 


Prove that h is a primitive recursive function. 


Of course, the result of Problem 1.12 can be generalized. If f : NX — Nisa 
primitive recursive function and ø is a permutation of {1,2,...,k}, then the 
function h : Në — N given by 


h(n, ne, ve ., Nk) = FN) o(2)s on -sNo(k)) 


is primitive recursive, since 


No(j) = Už (nina, cee EON 


for j =1,2,...,k and we can thus see that h is obtained by substitution 
from f and projection functions. It follows that if a function h can be 
obtained from known primitive recursive functions by primitive recursion 
where a variable other than the last is taken as the recursion variable, the 
function h is primitive recursive. We shall exploit this greater freedom in the 
next example. 


Example 1.10 


From the Division Algorithm (Number Theory, Unit 1) we know that for 
any two natural numbers n and m, where m > 0, there exist unique natural 
numbers q and r such that 


n=mq+r, where0<r<m. 


The number q is called the quotient when n is divided by m and the number 
r is called the remainder when n is divided by m. We are going to define a 
quotient function quot: N? — N such that quot(n, m) is the quotient when 
n is divided by m if m £ 0 and a remainder function rem: N? — N such 
that rem(n, m) is the remainder when n is divided by m if m 4 0. To 
complete the definitions, we need to specify the values of quot(n, m) and 
rem(n, m) when m = 0 and we can do this arbitrarily. Thus we make the 
definitions 


the quotient when n is divided by m, if m Æ 0, 
quot(n, m) = : 

0, in — 0, 

the remainder when n is divided by m, if m 40, 
rem(n,m) = ; 

0, : EmO 


We shall show that the functions quot : N? — N and rem: N? — N are 
primitive recursive. 


For instance, if we wanted to show 
that h(n, m) = m” was primitive 
recursive by building it up from the 
function mult, we would much 
rather define h(n + 1, m) in terms 
of n, m and h(n, m) (as 

mult(m, h(n, m))) than define 
h(n,m + 1) from these — you just 
try it! 


Formally the permutation ø is a 
one-one and onto function, i.e. a 
one-one correspondence or 
bijection, from the set {1,2,...,k} 
to itself. The effect of ø is to 
rearrange the order of the variables 
to which f applies. (We define the 
terms ‘one-one’, ‘onto’, etc. at the 
start of Subsection 2.1.) 


o is the Greek letter ‘sigma’. 
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We shall consider the function rem first because we shall use the fact that 
rem is primitive recursive in the proof that quot is primitive recursive. To 
see how recursion works for rem when m + 0, it is helpful to_look at a 
particular numerical example. The following table gives the values of 
rem(n,3) for0 <n <6. 


g 
JA 
£ 
2 


O T GON m OO 3 
on}, FON = © 


We see from this that, as the value of n increases by 1, the value of the 
remainder increases by 1 except when the remainder is 2, that is, one less 
than the divisor, when the value of the remainder drops back to zero. We 
can sum this up by saying that when m # 0 we have 
K if rem(n,m) =m- 1, 
rem(n + 1,m) = 


rem(n,m)+1, if rem(n,m) Am -—1. 


Thus taking into account our decision that rem(n,m) = 0 when m = 0, we 
see that we can define the function rem by the equations 
rem(0,m) = 0, 
0, ifm =0 or rem(n,m) =m-—1, 
rem(n +1, m) = ; 
rem(n,m) +1, otherwise. 


Since sg(m) = 1 if and only if m ¥ 0 and 5g(x,4(rem(n, m), m > 1)) = 1 if 
and only if rem(n,m) #4 m — 1, we see that 


sg(m) 58(Xeq(rem(n,m),m = 1)) 


is equal to 1 if and only if m > 0 and rem(n,m) 4 m — 1 and it is equal to 0 
otherwise (i.e. if m = 0 or rem(n,m) = m > 1). Hence we have 


rem(n + 1,m) = (rem(n,m) + 1)sg(m)sg(x_q(rem(n, m), m > 1)). 
Thus we have 

rem(0,m) = 0, 

rem(n + 1,m) = (rem(n,m) + 1) sg(m) 38(x-q(rem(n,m),m + 1)), 


so that rem is obtained by primitive recursion (over the first variable) from 
the primitive recursive functions mult, add, sg, 5g, x., and > using 
constants. It follows that the remainder function rem is primitive recursive. 


Now we can show that the quotient function quot is primitive recursive. 


n 
Notice that if m #0 and n = mq +r where 0 < r < m then ~ = q+ — 
m 


where 0 < ” <1. Thus if m > 0 then quot(n, m) is the integer part [=| of 
m 


n 
—. So we have 
m 


quot(n,m) = (2 
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The integer part of a real number 

r, often referred to as the floor of 

r, is the largest integer not greater 
than r. It is denoted by [r]. 


It can be seen that, for m Æ 0, 
E + | G [ n | 
m m 
unless m is a divisor of n + 1, in which case 


GRAN 


Thus we see that, for m Æ 0, 


quot(n,m) +1, if rem(n+1,m) = 0, 
quot(n + 1, m) = : 
quot(n, m), if rem(n + 1, m) 40. 
Note that 
1, if rem(n+1,m) = 0, 
sg(rem(n + 1,m)) = l ! 
0, if rem(n+1,m) 40. 
Hence the quotient function is defined by the equations 
quot(0,m) = 0, 
quot(n + 1,m) = sg(m)(quot(n,m) + 3g(rem(n + 1,m))). 


Thus quot is obtained by primitive recursion (over the first variable) from 
the primitive recursive functions mult, sg, add, 5g and rem using constants. 
Hence the quotient function quot is primitive recursive. & 
Problem 1.13 

The binomial coefficient i is defined for all n, r € N with r < n by the 


formula 


(*) = awa 


where a is always a natural number. 


To obtain a function which is defined for all n, r € N and which equals the 
binomial coefficient when r < n, we define the function C : N? — N by the 
formula 


n A 
C ry= wal os 
0, MES h. 


Show that the function C is primitive recursive. Hint: First show that the 
factorial function fac :n — n! is primitive recursive. 


Our argument in Example 1.10 to show that the function rem is primitive 


recursive involved converting the formula 
0, ifm =0 or rem(n,m) = m1, 
rem(n + 1,m) = : 
rem(n,m)+1, otherwise, 


which defines the value of rem(n + 1, m) according to cases, into a single 
equation 
rem(n + 1, m) = (rem(n,m) + 1) sg(m) 58(Xeq(rem(n, m), m ~ 1)). 


We used a similar technique in showing that the function quot is primitive 
recursive in Example 1.10 and in showing that the function f is primitive 
recursive in Example 1.7. Now we generalize this idea. 


The simplest case is where the function is from N to N and is defined in one 
of two ways according to whether a number is in a given set or not. 


The factor sg(m) is needed to cover 


the case when m = 0. 
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Theorem 1.3 


If A is a primitive recursive set and g : N — N, h:N — N are 
primitive recursive functions, then the function f : N — N defined by 


x g(n), ifneA, 
foa as ifn ¢ A, 


is also primitive recursive. 


Proof 


The function f is given by the formula Recall, from the proof of 
Theorem 1.2, that 
f(n) = g(n)x4(n) + h(n) 58(x4(n)), Xna (n) = 5B(x4(7)). 
for if n € A, x4(n) = 1 and 38(x4(n)) = 0, so the right-hand side is equal to 
g(n), and if n ¢ A, x4(n) = 0 and 8g(x4(n)) = 1, so the right-hand side is 
equal to h(n). Hence, as add, mult, g, x4, h and 8g are primitive recursive 
functions, and as f is obtained from these functions by substitution, f is 
also primitive recursive. a 


As we mentioned at the start of Subsection 1.2, we call the formula which 
defines f in Theorem 1.3 a definition by cases because f(n) is equal to either 
g(n) or h(n) depending on which of the cases n € A and n ¢ A holds. 
Clearly one or other, but not both, of these cases must hold so this gives us 
an unambiguous value for f(n) for each natural number n. This is a very 
important technique and we wish to extend it to more than two cases. 


Suppose we have k sets of natural numbers Aj, Ao,..., Ap and k functions 

91, 92,---,9k from N to N, and that we wish to define a function f from N 

to N such that f(n) = gi(n) if n € Ai, f(n) = g2(n) if 

n E€ A2,..., f(n) = gk(n) if n € Ag. Then to ensure that the domain of f is 

N we must require that every natural number n is in one of the sets 

A, A2,..., Ax, while to ensure that the values of f are unambiguously For f to be a function, we need just 
defined we require that no natural number is in more than one of the sets the one value for f(n). If n was in 
Ay, Ao,..., Ap. In other words every natural number must be in exactly one a than Bie ie nas sess 
of the sets A1, Ao,..., Ax. This is equivalent to saying that the sets a a ase sen ie ned 
Aj, Ag,..., Ak form a partition of N, meaning that A; U A2 U --- U Ak =N i i 

and A, N As = Ó whenever r Æ s. Note that if A is a subset of N then A 

and N \ A form a partition of N, so our next result generalizes Theorem 1.3. 


Theorem 1.4 


Suppose that A;, A2, ..., Ak are primitive recursive sets which form a 
partition of N and that gi, 92,...,g% are primitive recursive functions 
from N to N. Then the function f : N — N defined by 


gi(n), ifne Ai, 
go(n), ifn € Ao, 


gk(n), ifn E€ Ag, 


is also primitive recursive. 
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Proof 
We have 


f(n) = gı(n)xa, (n) + 92(0)X 4, (n) + +++ + ge(n)xa, (n); 


for if n € N there is a unique r such that n € A,; then x4, (n) = 1 and 

Xa, (n) = 0 for s # r, and the value of the right-hand side is g, (n) as 
required. Since the sets A1, Ao,...,A, are primitive recursive, the functions 
XA,>XAg1+++>XA, are primitive recursive. Hence f is obtained by 
substitution from the primitive recursive functions add, g1, go,..., gk and 
XA,» XAgo+++> XA,» and so f is primitive recursive. a 


We can extend everything we have said about definition by cases to 
functions of more than one variable. All we need to do is to replace the sets 
A, A2..., Ax by appropriate relations. In this case instead of talking about 
partitions we say that the relations involved are mutually exclusive and 
exhaustive. To be precise, if Ri, Ro,..., Rp are k l-place relations then we 
say that these relations are mutually exclusive and exhaustive if, for all 
(n1,N2,...,m) € N°, precisely one of R; (n1, n2, .. . , ni), Ro(ni,ne,...,n), 
...,Re(1, N2- Nr) holds. 


Theorem 1.5 Definition by cases 


Suppose that R,, R2,..., Rp are primitive recursive l-place relations 
which are mutually exclusive and exhaustive and that g1, g2,..., gk are 
primitive recursive functions from N! to N. Then the function 

f :N! — N defined by 


Ji (N1, n2,.--,n1), ER are aa N) 


g2(ni,N2,... if Ro(ni,n2,..-,71), 


if Rz(n41, no, css ,m); 


is also primitive recursive. 


Problem 1.14 
Prove Theorem 1.5. 


Problem 1.15 
Let Rı and Rz be the two-place relations defined by 


Ri(n,m) <> max(n,2m) > 21, 
Ro(n,m) <= 3n+4m=43 
and let f : N? — N be the function defined by 
gi(n,m), if Ri(n,m), 
f(n,m) = ¢ go(n,m), if Ro(n,m), 
g3(n,m), otherwise, 


where g1, g2, g3 are primitive recursive functions from N° to N. Show that f 
is a primitive recursive function. 


‘Mutually exclusive’ means that if 


Ri(ni, i PER Tr) holds then 


R;(n1,n2,...,m1) does not hold for 
j #1. ‘Exhaustive’ means that, for 
each (nı, U E nı) = N’, 

Ri(n1,n2,...,m) holds for at least 


one i € {1,2,..., k}. 
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The technique for dealing with the ‘otherwise’ case in Problem 1.15 can be 
generalized so that if f : N! — N is defined by 


gi(ni,ne,-.--,71), if Ry(m1,n25---, nı), 
go(m1,N2,---, 71), if Ro(ni,n2,.--, 7m), 
f(mi, ne, sau) = x 
Jk=1 (n2 ea 71), Re R eaa 2p), 
gk (M1, N2,---,N1), otherwise, 
then the ‘otherwise’ case can be replaced by ‘if Rg(n1, n2, ..., nı) where 
Re <=} not R; and not Ro and ... and not k-i, 
and R, is primitive recursive if Rj, R2,..., Re—1 are (by Problem 1.10). 


2 INFINITE SETS 


We have seen that primitive recursion is a powerful way to generate 
functions and thus we have found many examples of primitive recursive 
functions. Since all primitive recursive functions are URM-computable, we 
have also shown how to generate a large stock of URM-computable 
functions. This supports our claim that the URM programming language is 
much more powerful than it seems at first sight. 


It is now natural to ask whether we need to go beyond primitive recursion. 
There are two questions that we might ask. 


e Are there any functions of any sort that are not primitive recursive? 


e Are there any URM-computable functions that are not primitive 
recursive? 


In this section we are going to describe Cantor’s theory of countably infinite 
sets. This will readily show us that there are functions which are not 
primitive recursive. It will also lead us to conclude, in Unit 3, that there are 
URM-computable functions which are not primitive recursive. 


2.1 Cantor’s theory of countably infinite sets 


A central idea in Cantor’s theory is that of a one-one correspondence, which 
is a concept with which you may be familiar. Let f : A — B be a function. 
The function f is said to be one-one if, for all z1, £2 in A, whenever 

f (x1) = f (v2) then zı = x2. Thus if f is a one-one function then, for each y 
in B, there is at most one x in A such that f(x) = y. The function f is said 
to be onto if f(A) = B: that is, for each y in B there is at least one x in A 
such that f(x) = y. The function f is said to be a one-one correspondence if 
it is both one-one and onto. Thus if f : A — B is a one-one 
correspondence then, for each y in B, there is exactly one x in A such that 
f(x) = y, and f does indeed set up a correspondence between the elements 
of A and B. Moreover, if f : A — B is a one-one correspondence then the 
function f~!: B — A given by 


f-'(y) =a whenever f(x) =y 


is well-defined and is a one-one correspondence which we call the inverse 
of f. We shall sometimes use the notation x — y to indicate that x is 
mapped to y by a one-one correspondence and so y is mapped to x by its 
inverse. 
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Georg Cantor (1843-1918) founded 
the study of infinite numbers and 
sets. His work provoked great 
interest and controversy in the 
foundations of mathematics. 
(Photo © Science Photo Library) 


A one-one correspondence is also 
often called a bijection. 


In mathematics we meet many examples of infinite sets. In the 
Mathematical Logic part of M381, the set N of natural numbers plays an 
important role, and in Number Theory you have met the set Z of all integers 
and the set Z* of positive integers. Elsewhere you may have met the set Q 
of rational numbers, the set R of real numbers, the set R? of points in the 
plane and the set C of complex numbers. At first it might seem that all we 
can say about the sizes of these sets is that they are infinite. However, by 
generalizing from the way in which we count finite sets, Cantor was able to 
distinguish different infinities. 


If we want to know whether there are as many dots as crosses here 
Sree OOO CERTE, KX XK XXX, KM KX 


we can do this by lining the dots up with the crosses and checking that there 
is a one-one correspondence between the elements of the two sets: 


LS Se Sy ee ee a ae ee 


ON ICE eK OK Ke KM oi 


Another way to check that we have equal numbers of dots and crosses would 
be to count them, but this amounts to pretty much the same thing, as it 
involves putting each set into a one-one correspondence with the integers 
from 1 to 12, and hence in one-one correspondence with each other: 


la goat SARS ME ot oes ope 
“5 6°o 2a ee 
tot Te] pe ee el 


A OK OR OK aK ee. 


Cantor’s idea was to extend this to infinite sets. He said that, in general, 
two sets contain the same number of elements if there is a one-one 
correspondence between them. We shall look in detail only at sets which can 
be put in one-one correspondence with the set N of natural numbers. 


The elements of N can be enumerated in a single list: 
ONE 2d 4s Ds 260% ass 


There is a crucial difference between this and the list of natural numbers we 
used above to count the number of dots and crosses. That list was finite. It 
came to an end after we reached the number 12. On the other hand the list 
of elements of N never ends; N is an infinite set. However, Cantor had the 
confidence to extend to N ideas of counting derived from our experience 
with finite sets. Here is Cantor’s key definition. 


Definition 2.1 Countably infinite set 


A set A is said to be countably infinite if there is a one-one Note that, in some texts, the terms 


correspondence between N and A. denumerable or countable are used 
instead of countably infinite. 
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Example 2.1 


The set E of even natural numbers and the set O of odd natural numbers 
are both countably infinite since we have the following one-one 
correspondences between N and E and between N and O. 


Bot 463 2n 

ae Coa a i 

a Se ONE 

‘2 ee! bee 

eo oe ee In+1 ... + 


In fact, every infinite subset of N is countably infinite. For suppose X is an 
infinite subset of N. We can list the elements of X in ascending order and 
this gives the required one-one correspondence with N as follows. 


D aE 5K Lr ee in 
T i; il ves i 
N 0 1 2 EA n 


In the case of the set E we have a very simple formula, namely n —> 2n, 
which defines a one-one correspondence between N and FE. In general, we 
cannot expect there to be a straightforward formula. For example, while the 
set of prime numbers is countably infinite, there is no simple formula which 
defines a one-one correspondence between N and the set of prime numbers. 


If a set X is countably infinite then there is a one-one correspondence 
between N and X, and its inverse is a one-one correspondence between X 
and N. Conversely, if there is a one-one correspondence between X and N 
then its inverse is a one-one correspondence between N and X, and so X is 
countably infinite. In fact it follows from our remark about infinite subsets 
of N that when X is infinite we need only find a one-one function mapping 
X into N in order to be able to deduce that X is countably infinite. 


Theorem 2.1 


Let X be an infinite set and suppose that there is a one-one function 
f:X — N. Then X is countably infinite. 


Proof 


Put Y = {f(x):x € X}. Then, since f is one-one, Y is an infinite subset 

of N. Thus Y is countably infinite and so there is a one-one correspondence 
g:Y — N. The function x > g(f(x)) from X to N is both one-one and 
onto: that is, it is a one-one correspondence. Hence X is countably 

infinite. 5 


We can also generalize our observation that every infinite subset of N is 
countably infinite as follows. 


Theorem 2.2 


Let X be a countably infinite set and let Y be an infinite subset of X. 
Then Y is countably infinite. 
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Proof 


Since X is countably infinite, there is a one-one correspondence f : X — N. 
The restriction of f to Y (that is, the function normally written as 
fly :Y — N and defined by f|y(y) = f(y) for y € Y) is a one-one 
function. Hence, as Y is infinite, Y is countably infinite by Theorem 2.1 m 


The usefulness of Theorem 2.1 will be illustrated by examples to follow. 


Example 2.2 


The set N? of all pairs of natural numbers is countably infinite. 


Every natural number greater than 1 has a unique prime decomposition as a 
product of positive integer powers of its distinct prime divisors 
(Fundamental Theorem of Arithmetic, Number Theory, Unit 2). We can 
deduce that, if a number can be written in the form 2"3™ for n,m € N, it 
can be done so in just one way. 


Now consider the function f : N? — N defined by fm) 23, This is 
a one-one function. For suppose that m,n,r,s E N and f(n,m) = f(r,s). 
Then 2"3™ = 273° so that n = r and m = s by the remark above: that is, 
(nm) = (r,s): 


Since f : N? — N is a one-one function and N? is infinite, it follows from 
Theorem 2.1 that N? is countably infinite. 4 


The function f in Example 2.2 and similar functions fẹ which you will meet 
in the next example will play an important role in representing a URM 
program by a code number, so in the next two problems we ask you to do 
some computations involving these functions. 


Problem 2.1 

Let f be the function defined in Example 2.2. 

(a) Evaluate f(3,2) and f(2,3). 

(b) In each of the following cases, find the values of n and m: 
iG) — 12: (ii) f(n,m) = 16; (iii) f(n,m) = 216. 


We shall make frequent use of the prime decomposition of integers and the 
Fundamental Theorem of Arithmetic (as in Example 2.2). Also we shall use 
Euclid’s Theorem (Number Theory, Unit 2) that there are infinitely many 
primes. This justifies the use of the first k primes, for k an arbitrary positive 
integer, in the next example. 


Example 2.3 


For k > 1, the set N* of all ordered k-tuples of natural numbers is countably 
infinite. 


We can easily generalize the argument in Example 2.2. All we need to do is 
to replace the first two prime numbers 2 and 3 by the first k prime numbers. 
We let these be pi, p2,..., px. Thus pı = 2, p2 = 3, p3 = 5 and so on. 
Now consider the function fk : N* — N defined by 

IRRI %2,..., nE) = pT pp? .. pp. 


It follows from the Fundamental Theorem of Arithmetic that fẹ is a one-one 
function. Since N* is infinite, it follows from Theorem 2.1 that N* is 
countably infinite. $ 


The numbers 1 = 203°, 2” = 2”3° 
for n > 0, 3™ = 203™ for m > 0 
and 2”3™ for n,m > 0 are all 
distinct. 


For each (ni, n2,..., nk), including 
the cases where some of the ni 
are 0, a distinct product 


Pi p3? ...p,* is obtained. 
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Gt ———————— 
For k > 1, let fp be the function defined in Example 2.3. 
(a) Evaluate f3(3,2,1) and f4(2,1, 2,1). 
(b) (i) Find the values of nı, n2 and ng if f3(m1,n2,n3) = 240. 
(ii) Find the values of ni, n2, ng and n4 if f4(nı, n2, n3, n4) = 100. 


The next theorem uses a simple but useful idea. 


Theorem 2.3 


If the sets A and B are both countably infinite then so also is the set 
AUB. 


Proof 


Suppose that A and B are both countably infinite. Then there are one-one 
functions f : A — N and g: B — N. Now we define h: AU B — N by 


ha = Shays if x € A, 

i 2g(z) +1, ifee B and rz ¢ A. 

Since, for each x € A, h(x) is a multiple of 2 whereas, for x € B and x ¢ A, 
h(x) is not a multiple of 2, it is easily seen that h is a one-one function. 


Since AU B is infinite, it follows from Theorem 2.1 that AU B is countably 
infinite. a 


ER a OO NAER E a E 
Show that the set Z of integers is countably infinite. 


The alternative method given in Solution 2.3 of showing that a set is 
countably infinite by listing its elements in a single sequence will be used in 
the next example. 


In the Introduction to Unit 1, we mentioned that in the Mathematical Logic 
part of the course we shall be treating the formulas of mathematical logic as 
finite strings of symbols drawn from a finite set of symbols. Later in this 
part of the course it is going to prove useful to know that the set of all such 
strings is countably infinite. In the following example we shall see that this 
is so when the set of symbols is the English alphabet, so that the strings are 
the finite strings of letters from this alphabet: for example, ab is a two-letter 
string, xaa is a three-letter string, uvuw is a four-letter string, and so on. 


Example 2.4 


The set of finite strings of letters from the English alphabet is countably 
infinite. 


We shall indicate, without giving precise details, how we can list the strings 
in a single sequence. The first 26 entries in the list are the 26 letters of the 
alphabet in their usual order. The next 676 (= 26 x 26) entries are the 
two-letter strings in dictionary order: that is, 


aasa te 2A DOn OR a east ee 


Next we list the three-letter strings in dictionary order: that is, 

aaa, aab,..., zzz; and so on. This does list the strings in a single sequence. 
With a little work we can determine the kth entry in this list for each 
positive integer k (for example, the 1000th entry is the three-letter string 
all) and the position of any given string in the list can be determined. This 
list can be used to establish a one-one correspondence between the set of all 
finite strings and N. Thus the set of all finite strings is countably infinite. @ 
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The technique of arranging the 
values of h(x) to be even for z € A 
and odd otherwise, to ensure that 
h is a one-one function, will be 
useful later on. 


We are now ready to prove that the set of URM programs is countably 
infinite. We do this in the next subsection. It will be seen that the method 
we have used in Example 2.3 to show that N* is countably infinite, for each 
k > 1, plays a key role in the argument. 


2.2 Coding URM programs 


In this subsection we prove that the set of URM programs is countably 
infinite. In the process we shall represent every URM program P by a 
number from which we can recover the original program — this will be of 
immense importance later. 


We begin by considering the instructions which make up a URM program. 
Recall that the URM instructions take the following forms: 
Z(n), S(n), Cmn) J(m,n,q), 
where m,n and q can be any positive integers. We let I be the set of all 
these URM instructions and we define a mapping 3: I — N as follows: B is the Greek letter ‘beta’. 
B(Z(n)) = 6n — 3, 
b (S(n)) = ôn, 
BiG Gren) = 23I, 
B(J(m,n,q)) = 23"5% + 2. 
Note that 3(Z(n)) is always a multiple of 3 but not a multiple of 6, 3(S(n)) 


is always a multiple of 6, @(C(m,n)) always has remainder 1 when divided 
by 3 and 3(J(m,n,q)) has remainder 2 when divided by 3. 


Definition 2.2 


For each URM instruction J, B(T) is called the code number of I, or 
code of I for short. We say that 3(I) codes the instruction T. 


We can use 7 to prove the following theorem. 


Theorem 2.4 


The set I of URM instructions is countably infinite. 


Proof 
We shall first show that @:I — N is a one-one function. 


From the remark following the definition of 3, we can see that no two 
instructions of different types can have the same code number. Also it is 
clear that different Zero instructions and different Successor instructions 
have different code numbers. Suppose that 3(C(m,n)) = 3(C(r,s)). Then 
23” = 273° so that by the Fundamental Theorem of Arithmetic 

(m,n) = (r,s). Thus different Copy instructions have different code 
numbers. Similarly we can show that different Jump instructions have 
different code numbers. Thus 3: I — N is a one-one function. 


Clearly I is not finite. So it follows from Theorem 2.1 that I is countably 
infinite. a 


In the process of proving Theorem 2.4 we saw that the function 8: I — N 
is one-one. Thus each different URM instruction has a different code. 


27 


It is, in principle, easy to calculate which number codes a given instruction. 
Not every natural number codes a URM instruction, but it is also 
straightforward, in principle, to determine which numbers do code 
instructions, and, when a number does code an instruction, to determine 
which instruction it codes. We illustrate this with the following examples 
and problems. 


Example 2.5 

(a) 8(Z(3)) =6x 3-3 = 15. 

(b) 8(S(3)) = 6 x 3 = 18. 

(e) PACURI +1 = 146. 

(d) B(J(2,3,6)) = 2? 395° + 2 = 1687502. + 


Example 2.6 


(a) The number 42 is a multiple of 6 and hence it codes a Successor 
instruction. Indeed as 42 = 6 x 7 it codes the instruction S (7). 


(b) The number 99 is a multiple of 3 but not a multiple of 6. Hence it codes 
a Zero instruction. Since 99 + 3 = 102 = 6 x 17, it follows that 
99 = 6 x 17 — 3 and hence 99 codes the instruction Z (17). 


(c) The number 649 has remainder 1 when divided by 3. So if it codes a 
URM instruction, it must code a Copy instruction. Since 
649 — 1 = 648 = 23 34, it follows that 649 = 23 34 + 1 and hence 649 
codes the instruction C (3, 4). 


(d) The number 452 has remainder 2 when divided by 3. So if it codes a 
URM instruction, it must code a Jump instruction. Since 
452 — 2 = 450 = 2! 32 52, it follows that 452 = 2! 32 5? + 2 and hence 452 
codes the instruction J(1, 2, 2). 

(e) The number 86 has remainder 2 when divided by 3. So if it codes a 
URM instruction, it must code a Jump instruction. Since 
86 — 2 = 84 = 2? 31 71, which is not of the form 2” 3” 54, it follows that 
the number 86 does not code a URM instruction. 

(£) The number 10 has remainder 1 when divided by 3. So if it codes a 
URM instruction, it must code a Copy instruction. Now 10 — 1 = 3? 
which is of the form 2™ 3” with m = 0. But, in the Copy instruction 
C(m,n), m is the number of a register and so the value m = 0 is not 
allowed. Thus the number 10 does not code a URM instruction. 4 


Problem 2.4 


Give the code numbers for the following URM instructions. 
(a) Z(5) (b) S(4) (co) C(5,1) (da) J(3,2,2) (e) J(1,1,1) 


Problem 2.5 


Determine which of the following numbers code URM instructions and, in 
the cases where they do, find the instructions which they code. 


(a) 24 (b) 25 (c) 26 = (d) 27 
(e) 289 (f) 272 (g) 50000 


We are now ready to prove the main result of this subsection. We let P be 
the set of all URM programs. 


Theorem 2.5 


The set P of URM programs is countably infinite. 
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Proof 


We define a function 7: P — N as follows. Let P be a URM program and yis the Greek letter ‘gamma’. 
suppose that P consists of k instructions as follows. 


1 
2 Ib 
ioe IG 
Then we put 


I I 
(P) = pil 1) ppl) rf ph k) 


where pj, p2, ...,pk are the first k prime numbers and 3: I — N is the 
function defined earlier. From the Fundamental Theorem of Arithmetic and 
the fact that 8 is a one-one function (see Theorem 2.4), it follows that y is a 
one-one function. Clearly P is not finite. So it follows from Theorem 2.1 
that P is countably infinite. | 


The function y will play a very important role later, as its values represent 
all URM programs. 


Definition 2.3 


For each URM program P, 7(P) is called the code number of P, or 
code of P for short. We say that y(P) codes the program P. 


In the process of proving Theorem 2.5 we saw that the function y: P — N 
is one-one. Thus each different URM program has a different code, i.e. the 
number 7(P) is unique to P. 


Example 2.7 
Consider the following program P: 
T J235) 
2 S) 
3 5(3) 
4  J(1,1,1) 
We calculate the code numbers for the instructions in this program as 
follows: 
BOOS) = 2 9° 5° +2 = 337502, 
B(S(1)) =6 x 1=6, 
3 (S(3))'—6 x3 = 18) 
PaO A.D) =7 3's! +2 = 32. 


y(P) = 9337 502 36 518 732, 


As you can see, although in principle this way of mapping URM programs to 
natural numbers is straightforward, in practice it leads to very large 
numbers even for quite short and simple URM programs. For example, the 
number above has more than 100000 digits when written out in standard 
format as a number to base 10. 4 
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Problem 2.6 
Find 7(P) where P is the following URM program. 


1 IRA 

2 S(2) 

3 CRD) 
Problem 2.7 


Find the URM program P such that 
y(P) = 9211 252 36 532, 


Since, by definition, each URM-computable function of one variable is 
computed by at least one URM program, we can now deduce that the set of 
URM-computable functions of one variable is countably infinite, as follows. 


Theorem 2.6 


The set of URM-computable functions of one variable is countably There is a similar result for the set 
infinite. of URM-computable functions of k 
variables for each k > 2. 


Proof 


Let U be the set of URM-computable functions of one variable. For each 

f €U, let Py be a URM program which computes f, say for definiteness the 
program Py with the smallest code (Ps). Since the same URM program 
cannot compute two different functions of one variable, the function 

h: U — N defined by h(f) = (Pf) is one-one. Since U is not finite, it 
follows from Theorem 2.1 that U is countably infinite. | 


Since each primitive recursive function is URM-computable (Theorem 1.1), 
it follows from Theorems 2.6 and 2.2 that the set of primitive recursive 
functions of one variable is countably infinite. 


In the next subsection we show that the set of all functions of one variable is 
not countably infinite. It will then follow, from Theorem 2.6, that there 
exist functions which are not URM-computable. 


2.3 Uncountably infinite sets 


We have shown that certain infinite sets are countably infinite. It was key to 
Cantor’s ideas that he was able to show that there is more than one kind of 
infinite set and, in particular, that there are infinite sets which are not 
countably infinite. 


We shall show that the set R of real numbers is not countably infinite. The 

proof will involve decimal expansions of real numbers. Each real number has 

an infinite decimal expansion. In the case of those fractions which are 

normally regarded as having terminating decimals, such as s = 0.02, we can In fact, fractions of this kind have 
turn them into infinite decimal expansions by supposing that all the two infinite decimal expansions, 


aes Ree since also 5 = 0.01999... with a 
remaining digits are 0s. Thus recurring sequence of 9s. But this 


5 — (.02000.... is not relevant here. To avoid 
ambiguity, we assume that in such 
cases we choose the decimal 
expansion ending in an infinite 
sequence of Os. 


Theorem 2.7 


The set R of real numbers is not countably infinite. 
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Proof 


We shall show that there is no one-one correspondence between the set N of 
natural numbers and the set R of real numbers. For suppose that 

f :N — R is a function. We shall show that the function f cannot be onto 
and thus that f is not a one-one correspondence between N and R. 


Recall that to say that the function f is onto means that for each x € R 
there is at least one n € N with f(n) = x. So to show that f is not onto, we 
need to find a number x € R which is different from all the numbers in the 
set {f(n):n € N}. 


Let do,o be the integer before the decimal point in the decimal expansion of 
the real number f(0) and let eo be an integer different from doo. For 

n,k > 1, let dn, be the kth digit after the decimal point in the decimal 
expansion of the real number f(n) and let 


_ fl, ifdan ¥1, 
as Dae eee a 


The essential point about these definitions is that e, 4 dn for all n € N. 
Now put 


In the decimal expansion of z, eo is the integer before the decimal point and, 
for n > 1, en is the nth digit after the decimal point: that is, 


TOY C1 C202 Cie oie 


Since eo Æ doo, x  f(0). Also, for each n € N with n > 1, the nth digit en 
in the decimal expansion of x is different from the nth digit dyn in the 
decimal expansion of f(n) and so x Æ f(n). Thus z is a real number which 
is not in the set {f(n):n € N}. Hence f is not an onto function. a 


The argument used in the proof above, due to Cantor, is rightly famous. If 
we set out the decimal expansions of the numbers f(0), f(1),... in a doubly 
infinite array, the numbers doo, di,1,... occur on the diagonal of the array. 


f(0) = doo: dor doz dos doa dos 
fU)= do: dia d2 diz dia dis 
f(2)= doo- dai d22 d23 d24 dos 
f(3)= dzo: d3i d32 d33 d34 d3,5 
F(4)= dso: dai daz dag d44 da,5 
f(5) dso: d51 ds2 ds ds4 dss 


We then choose the real number z so that, for each of the numbers 

f(0), f(1),... in the array, x differs from the nth number in the nth decimal 
place. Thanks to the form of the argument, it is often referred to as 
Cantor’s diagonal argument. It is a powerful method of proof with many 
significant applications. One of these follows immediately. 


Theorem 2.8 


The set of all functions of one variable is infinite but not countably 
infinite. 
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Proof 


Let F be the set of all functions from N to N. Clearly F is infinite since it 
includes for each k € N the constant function Cp :n+— k and these are all 
different. As in the proof of Theorem 2.7, we use a diagonal argument to 
show that there is no function from N to F which is onto. 


Suppose © : N — F is a function and for each n € N let fn :N —> N be the @ is the Greek letter ‘capital phi’. 
function ®(n). Now define g : N — N by the formula 


g(n) = faln) +1. 


Then g € F but, for each n € N, g(n) Æ fn(n) and hence g # fn. Since gis Two functions are equal if they 
an element of F which is different from all of the values taken by the have the same domain and have 
function ®, it follows that © is not an onto function. So there is no function the same effect on each element of 
®: N — F which is onto and it follows that F is not countably infinite. eee 


Again, if we set out the values of the functions fo, f1,... in a doubly infinite 
array, we see that the values of g are chosen to differ from the corresponding 
values on the diagonal. It then follows that g is different from each of the 
functions fo, fi,.... 


Since the set of URM-computable functions of one variable is countably 
infinite (Theorem 2.6), it follows from Theorem 2.8 that there exist 
functions of one variable which are not URM-computable. We can hence 
deduce, using Theorem 1.1, that there exist functions of one variable which 
are not primitive recursive. 


By themselves these general existence results are neither particularly 
startling nor informative. However, in the next unit we shall see that the 
ideas we have used here can be developed to give us more specific 
information and provide some actual examples of important functions which 
turn out not to be URM-computable. We shall also see how the ideas here 
leads us to conclude that there are URM-computable functions which are 
not primitive recursive. 


Before reaching this stage, we return to our investigation of primitive 
recursive functions. Our aim will be to show that the functions we have used 
to code URM programs are primitive recursive. This also paves the way for 
significant results in the next unit. 


3 PRIMITIVE RECURSIVE CODING 


In this section we are going to return to our study of primitive recursive 
functions. Our aim will be to show that the functions we have used to code 
URM programs are primitive recursive. We shall need to use the techniques 
we have already established for showing that functions are primitive 
recursive, as well as some new ones. 
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3.1 Enumerating the primes 


The key to our coding is the uniqueness of the prime decomposition of 
natural numbers greater than 1. You should find it plausible, therefore, that 
we shall need to know that the function which enumerates the prime 
numbers is primitive recursive. For the time being we shall use standard 


function notation and let p be this function. Hence, for n > 1, p(n)will be Later we shall return to our earlier 
the nth prime number. notation and write pn instead 
of p(n). 


First we get a minor point out of the way. We define the function p so that 
p(1) is the first prime number, that is p(1) = 2. This leaves open what we 
should do about the value of p(0). The choice does not matter greatly. We 
choose to put p(0) = 1. However, we emphasize that 1 is not a prime 
number. 


Having specified a value for p(0), the natural way to define p by recursion is 
to put 


p(n +1) = the smallest natural number y such that 
y is a prime number and p(n) < y. 


In order to show that the resulting function is primitive recursive we need to 
do two things. We need to show that the property of being a prime number 
is primitive recursive. Recall that by this we mean that the characteristic 
function of the set of prime numbers is primitive recursive. We have also to 
find some way of handling functions defined using the operation ‘the 
smallest natural number y such that ...’. We do not have to worry about 
the inequality in the above definition of p(n + 1) as we already know that 
the relation < is primitive recursive. 


We begin by showing that the property of being a prime number is primitive 
recursive. Let Pr be the set of prime numbers. We shall show that its 
characteristic function X p,, given by 
(n) 1, if is a prime number, 
Kpr 0, otherwise, 


is primitive recursive. 


A standard way to characterize prime numbers is to say that a natural 
number n is prime if and only if it has exactly two divisors, 1 and n. 
Conveniently this excludes 0 which is divisible by every natural number 
and 1 which has only one divisor. Thus to be able to specify whether or not 
a number is prime, we need to be able to count its divisors. 


Now for n, y E N with y £0, 
y is a divisor fn <> rem(n,y)=0 


where rem is the remainder function which we have shown to be primitive 
recursive in Example 1.10. If we define the function div: N? — N by 
div(n, y) = Xeq(rem(n, y), 0) 


where Xeg is the characteristic function of the equality relation, we have that 


for y #0 
div(n, y) = 


1, ify is a divisor of n, 
0, otherwise. 


From Example 1.8 we know that Xeq iS a primitive recursive function. Since 
div is obtained by substitution from the primitive recursive functions Keq 
and rem using constants, it follows that div is primitive recursive. 


33 


The function div can be used to count the number of divisors of x in the 
following way. For n Æ 0, any divisor y of n satisfies y < n. It follows that 


x div(n, y) = the number of divisors of n. 
y=1 


Hence a natural number n > 0 is prime if and only if x div(n; y) = 2. 
y=1 


Thus, for n Æ 0, 


XPr (n) = Xeq (>: div(n, y), 2) : 
y=1 


To complete the proof that Xp, is a primitive recursive function, we need to 
n 


show that the function n +—> > div(n, y) is primitive recursive. To deal 
y=1 
with this we prove a general theorem which has other applications. 


Theorem 3.1 Bounded summation 


We use the term bounded sum for 


z 


` ay where z is a positive integer 


If the function f : N*+1 — N is primitive recursive, then so also is the 
function g : N**! — N given by 


0 E2 "Us 


y=1 
to distinguish it from the infinite 


? 
g(n y= V5 
1, 72,+++,%k, = + 2 
X e RSA otherwise. ‘ 
f(m, May... nky), sum X ay often used in other 
y=1 


y=1 
parts of mathematics. The z 
provides the ‘bound’. 


Proof 
The function g satisfies the equations 


g(nı, N2,..., Nk, 0) =0, 
gnn tas oana Al) = 9(n1,N2,...,Nk,z) + f (N1 N2,- -nk z+ L). 


This shows that g is defined by primitive recursion from the primitive 
recursive functions add and f using constants. Hence it follows that g is add is used twice, once to add g 
primitive recursive. wand f and once to obtain z + 1. 


There is an analogous result for products. For a positive integer z, we use 
zZ 


the notation Il dy for the product a) X a2 X +++ X az. As z is a positive integer we call 
y=1 this a bounded product. 


Theorem 3.2 Bounded product 


If the function f : N**! — N is primitive recursive, then so also is the 


function g : N*+! — N given by 
T Aa AiR 
(ni,n nz) =4 T 
INL OR s+ e ic [] fom. ne, ---.me,9), otherwise. 
y=1 
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Problem 3.1 
Prove Theorem 3.2. 


Now we have the following result. 


Theorem 3.3 


The characteristic function xp, of the set Pr of prime numbers is 
primitive recursive. 


Proof 
In the discussion preceding Theorem 3.1 we found that, for n > 0, 


Xpr() = Xeq bs div(n, y), 2) : 
y=1 


Now let g : N? — N be the function given by 
0, ieee =i): 


z 
ad = X div(n, y), otherwise. 
y=1 


Since div is a primitive recursive function, it follows from Theorem 3.1 that 
g is a primitive recursive function. Also, for n > 0, 


g(n,n) = y div(n, y). 
y=1 


Now let h: N — N be the function given by h(n) = g(n, n), which is 
primitive recursive (by Problem 1.4). We observe that, for all n € N (i.e. for 
n>0Oandn=0), 


Xpr() = Xeq(h(n), 2) . Remember that x p,.(0) = 0 and 


d s Mire saek : : that g(0,0) = 0. 
Thus Xp, is obtained by substitution from the primitive recursive functions 


Xeq and h using constants, and so is a primitive recursive function. a 


We turn now to the operation ‘the smallest natural number y such that ...’. 
We abbreviate this by jy; here p is is used to represent ‘minimum’. So we H is the Greek letter ‘mu’, 
can read py as ‘the minimum y such that ...’. pronounced mew (as in ‘mews’). 


Recall that in our preliminary work on the function p which enumerates the 
prime numbers we noted that 


p(n +1) = the smallest natural number y such that 
y is a prime number and p(n) < y. 


Now this can be written as 
p(n + 1) = uy (xp-(y) = 1 and p(n) < y). (3.1) 


Now, as we shall see later (in the proof of Theorem 3.6), the facts that eq, 
< and Xp, are primitive recursive enable us to show that the relation 
‘Xpr(y) = 1 and m < y’ is primitive recursive. Thus the right-hand side 
of (3.1) is a function of the form 


m — py R(m, y) 


where R is a primitive recursive relation and we would like to show that this 
function is primitive recursive. To do this we shall need to introduce the 
concept of bounded minimization, which we shall first apply to functions f 
before extending it to relations R. g 
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Naa 


Suppose that f: —- N is a function and consider 


uy (f (ni, ne,---,Mk, Y) a 0), 


that is, for a given (n1, n2,... Nk) E N* we seek the minimum y € N such 
that f(ni,n2...,nk,y) =0. This is called the minimization operation since 
it picks out the numerically smallest such y. It can also be thought of as a 
search operation as its effect is to search for a solution by checking the 
values y = 0, y=1, y=2,... in turn. 


Of course, there may not be a y such that f(ni,n2,.-.,nx,y) = 0 for certain 
choices of (n1, n2,..., nk) E N* , or indeed for all of them. For example, 
however n € N is chosen, there is no y € N such that n? + y? + 1 = 0 and 
hence py (n? + y? + 1 = 0) is never defined. Similarly py (|n — 2y| = 0) is 
defined when n is even but not when n is odd. 


This already gives us a clue that the minimization operation is rather 
different from substitution and primitive recursion. These last two 
operations always yield functions, defined for all values of the variables, 
when they are applied to functions. Minimization, however, as we have just 
seen, does not. To get around this difficulty, we consider bounded 
minimizations, otherwise known as bounded searches. This involves deciding 
in advance how far to search for solutions, with an arbitrary choice of value 
if a solution is not found in the given range. 


Definition 3.1 


Let f: N*+! — N be a function and let (n1, n2,..., np) € N* and 
z E€ N be fixed. We write the bounded minimization operation on f as 


HY S A T) = 0) 
and specify its effect as follows: 


the smallest y € N such that 


AE, =0, 
Hy < z (f (n1, n2,- nk, Y) =0) = 4 if there is such a y with y < z, 


z + 1 otherwise. 


The choice of z + 1 for the value when there is no solution y less than or 
equal to z is somewhat arbitrary but none the less very convenient, as we 
shall see. 


This definition means that whatever the choices of n1,n2,...,nk,z E N, a 
value for py < z(f(ni,n2,...,Nk,y) = 0) is always defined. Thus when 
applied to a function f of k + 1 variables, bounded minimization always 
produces another function of k + 1 variables, namely the first k variables 


N1,N2,...,N% that occur in f together with the variable z that occurs in the 
bound. 
Example 3.1 


Let the function g : N? — N be defined by 
g(n, z) = py < z(|n—y?| = 0). 


Then g(n, z) is equal to the square root of n if n has a square root which is a 
natural number less than or equal to z, and z + 1 otherwise. 


For example: 


g(16,2) =3, as 16 does not have a square root which is a 
natural number less than or equal to 2; 
g(16,5) = 4, as the square root of 16 is 4 and 4 < 5; 


g(15,6)=7, as 15 does not have a square root which is a 
natural number. + 
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From now on we shall usually write 
|n — m| rather than adf(n, m). 
Recall from Problem 1.6 that the 
function adf is primitive recursive. 


Problem 3.2 


With g as in Example 3.1, draw up a table of values for g(n, z) for 4 < n < 9 
and: L< 2 <6. 


Using the techniques of earlier sections, it is not difficult to see how to give a 
primitive recursive definition of functions defined by bounded minimization. 


Theorem 3.4 Bounded minimization on a function 


If f: N**! — N is a primitive recursive function then the function 
g: N*t+1 SGN given by 


g(m1,M2,...,Mk,z) = wy < z (f (nino, . ng, y) = 0) 


is also primitive recursive. 


Proof 
The function g can be defined as follows. For the sake of brevity, many of the 
: details have been omitted from this 
0, if fener 477.50) 05 f 
(a) g(n1,N2,.--,N~,0) = . progr 
1, otherwise. 
GINI ar: -3 ik, Z), if g(ni,n2,...,x, Z) Sez 
eee: if g(m1,n2,...,n%,z)=z4+1 
(b) gfmismas..-sMe,2 +1) = and f(n1,n2,...,nk,z2+1) =0, 


242, otherwise. 


The correctness of (a) should be clear. The cases in (a) are clearly mutually 
exclusive and exhaustive. Furthermore, using the result quoted after 
Problem 1.15, we can deduce that the relations defining the cases are 
primitive recursive. Also, since the formulas 0 and 1 for the functions on the 
right-hand side in (a) are constants, these functions are primitive recursive. 
Hence, by Theorem 1.5, the function in (a) is primitive recursive. 


Let us now check that (b) is correct. Note first that if g(n1,n2,...,nx, Beez 
then the equation f(n1,n2,..., nk, y) = 0 has a solution for some y < z, and 
the smallest value of y < z which solves this equation is also the smallest 
value of y < z +1 which solves this equation. So in this case the value of 
g(m1,2,--.,Nk, Z + 1) is the same as the value of g(n1,no,... By Res) 
Otherwise there is no value of y < z that solves the equation and the value 
of g(ni,N2,..., Nk, Zz +1) is z+1 if f(ni,ne,...,ng,z+1) =0 and z+2 
otherwise. Thus (b) is correct. Also, this discussion shows that the cases in 
(b) are mutually exclusive and exhaustive. 


Furthermore, using the result quoted after Problem 1.15, we can deduce that 
the relations defining the cases in (b) are primitive recursive. Also, since the 
formulas g(Nn1,n2,..., Nk, Zz), 2+1 and z+ 2 for the functions on the 
right-hand side are expressed in terms of g(n1,n2,..., Nk, z), the variable z 
and the primitive recursive function add using constants, these functions are 
primitive recursive. Hence, by Theorem 1.5, the function in (b) is primitive 
recursive. 


Therefore g is defined by primitive recursion from functions known to be 
primitive recursive. It follows that g is a primitive recursive function. = 
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Example 3.2 
Let the function h : N —> N be defined by 


vin, dbn hass egusre root Note that h(0) = 0, h(1) = 1, 
h(n) = which is a natural number, h(2) = 3, h(3) = 4, h(4) = 2 and so 
n+1, otherwise. on. 


We can use Theorem 3.4 to show that h is primitive recursive. 


We do this by writing h in terms of the function g from Example 3.1, which 
is defined by 
g(n, z) = py < z(|n—y?| = 0). 


Since yn < n for all n € N, we can be sure that the square root y of n is 
encountered for some y < n. Thus 


h(n) = g(n,n). 
Therefore, by Problem 1.4, h is primitive recursive if g is. 
The function f : N? — N given by 

f(n,y) = jn - y?| 


is primitive recursive since it is obtained by substitution from the primitive 
recursive functions adf and mult. Hence, by Theorem 3.4, g is primitive 
recursive, as required. 4 


In order to use bounded minimization to show that the function p which 
enumerates the prime numbers is primitive recursive, we need to extend the 
idea to relations. 


Definition 3.2 


Let R(n1,n2,..., Nk, y) be a (k + 1)-place relation on N**? and let 
(nq; 72,.-.9ne) N* and z € N be fixed. We write the bounded 
minimization operation on R as 


We can think of Definition 3.1 

as a special case of this definition for 
the relation f(n1,n2,..., nk, yY) = 0. 
py < zR(n1,N2,---,N,Y) 


and specify its effect as follows: 


the smallest y € N for which 
R(n1n2,- . - nks Yy) holds, 
py < 2 R(ni,na,~-., Me, ¥) = > f there is such & y with y < z, 


z + 1 otherwise. 


We also need to extend Theorem 3.4 to cover relations. 


Theorem 3.5 Bounded minimization on a relation 


If R is a primitive recursive (k + 1)-place relation then the function 
gs N*t! — N given by 


g(n1,N2,..-, Mk, 2) ey < zR(ni,N2,-.--,Nk,Y) 


is a primitive recursive function. 


Problem 3.3 
Prove Theorem 3.5. 


38 


We use Theorem 3.5 in the proof that the function p which enumerates the 
prime numbers is primitive recursive. For this application, we need a bound 
on the size of the nth prime number. In Number Theory, Unit 2, it was 
shown that the nth prime number p, satisfies the inequality pn < er 
This is a crude bound but it serves our purpose. 


Theorem 3.6 


The function p which enumerates the prime numbers is primitive 
recursive. 


Proof 
From our preliminary work, we have seen that 


p(n + 1) = uy (xp,(y) = 1 and p(n) < y). 


Consider the relation S given by We need to make S' a two-place 
rather than a one-place relation so 
S(m,y) <= Xxp,(y) =1. that we can use one of the results 
in Problem 1.10 later in the proof. 
We have 


Xs(m, y) = Xeq(Xpr(y); 1). 


Therefore yg is primitive recursive since it is obtained by substitution from 
the primitive recursive functions Xeq and Xp, using constants. Thus the 
relation S is primitive recursive. 


Also the relation < is primitive recursive (by Problem 1.9). 
Now define the relation R by 
Rim,y) <= S(m,y)andm<y <= xp,(y)=landm<y. 
This is primitive recursive, by Problem 1.10, since S and < are. 
Therefore, by Theorem 3.5, the function g : N? — N given by 
g(m, z) = uy < z(xp,(y) = 1 and m < y) 


is primitive recursive. We observe that g(p(n), z) = p(n + 1) provided that 
p(n+1)<z. 


Next, let h : N — N be defined by h(n) = exp(2, exp(2,n)). Then h is a 
primitive recursive function since it is obtained by substitution from the 
primitive recursive function exp using constants. Also, using the remark 
preceding the statement of this theorem, we have p(n + 1) < 2?" = h(n). 


It follows that 
p(n + 1) = g(p(n), h(n)), 


where g and h are primitive recursive. Thus, using the definition of p given 
at the start of this subsection, we have 


p(0) = 1, 
p(n + 1) = g(p(n), h(n)), 


so that p is defined by primitive recursion from the constant 1 and the 
primitive recursive functions g and h. Thus p is a primitive recursive 
function. a 
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Note that in the proof above we found a bound h(n) on the values of y used 
to search for the value of p(n + 1) in terms of a primitive recursive function 
h, so that 

p(n + 1) = g(p(n), h(n)). 


The particular bound used here was a function of n, but it could just as 
usefully have involved the value of p(n) as well as that of n. For instance, we 
know from the proof of Euclid’s Theorem in Number Theory, Unit 2, that 
the nth prime number pn satisfies the inequality pn < pip2---Pn-1 + 1. 
Hence it also satisfies the inequality pp < a +1. Therefore, using the 
primitive recursive function exp, we could alternatively have defined 
p(n + 1) by 

p(n + 1) = 9(p(n), exp(p(n),n) + 1) 


to show that p was primitive recursive. 
Problem 3.4 
Let f : N — N be the function defined by 

f(n) = py (n < 3”). 
Show that f is primitive recursive. Hint: Note that n < 3” for all n € N. 


Ponema S ea a a a a a Ua O 
Let f :N — N be the function defined by 

f(0) =1, 

f(n+1) =py(f(n) < y and y is not divisible by 4). 
Show that f is primitive recursive. Hint: You will have to find a bound z 


expressible as a primitive recursive function h of n and f (n) such that a 
search on y < z will always find f(n + 1). 


3.2 Coding sequences 


Recall that if we have a URM program with instructions J, J2,...,Jx then 
we use the number 


pits) pp) ple) (3.2) 


to code the program. Moreover the exponents (1), G(I2),---, (Zk) are all 
positive integers. Remember that every number which codes a URM program 
is of form (3.2) but not every number of this form codes a URM program. 


In the next subsection we shall show that the set of code numbers of URM 
programs is a primitive recursive set. In this subsection we shall prove some 
preliminary results, including showing that the set of all numbers of the form 


a a a 
PIi Po’ -- Dy, 
where @1,d2,...,@% are positive integers, is primitive recursive. If you are 
short of time, do not spend too long on these two subsections. You should, 


however, aim at least to take note of the sets and functions being defined 
and to try to obtain some appreciation of how they are being used. 


Let us say that a positive integer n codes a finite sequence of positive 
integers a1,a2,...,@x if 


= ees 
and let Seq denote the set of code numbers of finite sequences of positive 


integers. We observe that n € Seq if and only if n is divisible by all the 
primes p1,p2,---,Pk Where px is the largest prime which divides n. 
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Note that f(0) = 0, 
f() = f(2) = 1, f(3) = 2 and so 


on. 


Note that f(0) =1, f(1) = 2, 
f (2) = 3, f(3) =5 and so on. 


Recall that pi,p2,...,pk are the 
first k primes. 


Some of the sets and functions 
defined in Subsections 3.2 and 3.3 
will be used again in Unit 3. 


Clearly the number of distinct prime divisors of a given positive integer will 
be significant in our study of Seq. We call the number of distinct prime 
divisors of an integer n > 2 the length of n. Let us define len: N — N by 
putting 


the number of distinct 
len(n) = ¢ prime divisors of n, ii (ome PE 
0, otherwise. 


So, if n codes a sequence of k positive integers then len(n) = k. 


es so! 
Evaluate len(45), len(700) and len(2100). 


Now we shall show that len is a primitive recursive function. Note that, 
since y < py, it follows that if p, is a divisor of n then y < n. Thus we see 
that len(0) = 0 and for n > 0 


n 
len(n) = 7 div(n, py). Notice that this gives the correct 
y=1 value for n = 1. 


We saw in Subsection 3.1 that the functions div and p are primitive Remember that p, = p(y). 
recursive, and hence the function (n, y) > div(n, py) obtained by 

substitution from the primitive recursive functions div and p is primitive 

recursive. Therefore, applying Theorem 3.1 to the function 

(n, y) + div(n, py) we see that the function g : N? — N given by 


0, aN 
o(a) = >. div(n, py), if z #0, 
y=1 


is primitive recursive. Since 
len(n) = g(n,n), 
we see that len is a primitive recursive function (by Problem 1.4). 


Now let Xgeq be the characteristic function of Seq. Thus y Segn) =1ifn 
codes a finite sequence of positive integers and y Seq() = 0 otherwise. We 
need to distinguish between numbers such as 2520 = 23 325! 7! which is 
divisible by all the prime numbers from 2 up to the largest prime number 
which divides it (so X se4(2520) = 1) and numbers such as 7000 = 23 53 7! 
which is divisible by the primes 2, 5 and 7 but not by the prime 3 (so 

X seq(7000) = 0). 


BroDI EDI Z na ee ee SaR 
Evaluate \.,(n) for the following values of n. 


(a) 30. (b) 60 (c) 42 (da) 200200 


Theorem 3.7 


The set Seq of code numbers of finite sequences of positive integers is 
primitive recursive. 
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Proof 


We must show that the characteristic function x¢,, is primitive recursive. 
We observe that Xse(n) = 1 if and only if py is a divisor of n for 

1 < y < len(n); that is, if and only if div(n, py) = 1 for 1 < y < len(n). The 
numbers div(n, py) for 1 < y < len(n) are all equal to 1 if and only if their 
product is 1. Thus we can define X seq by 


len(n) 


div(n, py), ifn> 1, 
XSeq(") = lI 4 


(an otherwise. 


Applying the result of Theorem 3.2 to the primitive recursive function 
(n,y) +> div(n, py) we see that the function g : N? — N given by 


1, lite Ds 
oe II div(n, py), if z #0, 
y=1 


is primitive recursive. We have 


(n) g(n,len(n)), ifn > 1, 

nj = 

X Seg 0, otherwise. 

The formula g(n,len(n)) for the first function on the right-hand side is 
obtained by substitution from the primitive recursive functions g and len, 
and so that function is primitive recursive. Since the relation > is primitive 
recursive, using the remark after Problem 1.15 we can deduce that the 
relations defining the cases are primitive recursive. Moreover, these relations 
are clearly mutually exclusive and exhaustive. So, by Theorem 1.5, it follows 
that Xseg is primitive recursive. a 


Suppose that a number n codes a finite sequence a1, @2,...,@k of positive 
integers so that 


ee as eet See 
Then n codes a URM program if and only if the exponents a1, d@2,...,@, are 
the code numbers of URM instructions. So decoding the code of a URM 
program will involve extracting from a given number the exponents of the 
prime numbers in its prime decomposition. We show next that this can be 
done by a primitive recursive function. In line with the tradition of the 
subject, we use the notation (n); for the exponent of the jth prime number 
pj in the prime decomposition of the integer n where n > 2. For a prime p; 
that does not divide n, so does not appear in its prime decomposition, we 
can regard its exponent (n); in this decomposition as being 0. Since we want 


(n, j) +> (n); to be a function with domain N?, we choose to put (n)o = 0 
and (0); = (1); = 0 for all j. 


Example 3.3 


As 2520 = 23 325! 7! and 2, 3, 5 and 7 are respectively the 1st, 2nd, 3rd 
and 4th prime numbers we see that 


(2520); =3, (2520)2=2, (2520)3=1, (2520)4=1. 
Also (2520) = 0, by definition. Finally, for j > 4, p; does not appear in the 
prime decomposition of 2520, so that (2520); = 0 for j > 4. 
Problem 3.8 


Find the values of 


(360) ;, (243); and (462), 


for all natural numbers j. 
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For n # 0 and j #0, (n); is the largest value of k for which p(j)* is a divisor 
of n, where p is the primitive recursive function which enumerates the 
primes. It seems at first that we are going to need an operator ‘the largest k 
such that ...’. Fortunately this not necessary as the largest k such that 
p(j)* is a divisor of n is the same as the smallest k such that p(j)*+! is not 
a divisor of n. So our proof that (n, j) —> (n); is primitive recursive will 
involve bounded minimization and we need a convenient bound. We observe 
that if r > n and j #0, then p(j)” > 2" > 2” >n. Thus the exponent of a 
prime number p(j) in the prime decomposition of n must be less than n. 
Hence for n # 0 and j #0, (n); is the smallest natural number k such that 
k <n and p(j)**? is not a divisor of n. 


Theorem 3.8 


The function (n, 7) + (n); is primitive recursive. 


Proof 


The condition that p(j)** is not a divisor of n can be expressed by the 
relation 


div(n, po) = 0. 


The characteristic function of this relation is primitive recursive since it is 
obtained by substitution from the primitive recursive functions Xeqr div, p, 
exp and add using constants. Hence the relation 


R(n,j,k) <=> — div(n,p(j)**") =0 
is primitive recursive. From the discussion above, we can see that 


uk <nR(n,j,k), ifn #0 and j £0, 
(n); = 
0, otherwise. 


Now, since R(n, j, k) is primitive recursive, the function given by 

uk < z R(n, j,k) is primitive recursive, by Theorem 3.5. Hence, the function 
given by uk < n R(n, j,k) is primitive recursive, by the remark following 
Problem 1.4. Since the relation eq is primitive recursive, using Problem 1.10 
and the remark after Problem 1.15 we can deduce that the relations defining 
the cases are primitive recursive. Moreover, these relations are clearly 
mutually exclusive and exhaustive. So, by Theorem 1.5, it follows that the 
function (n, j) —> (n); is primitive recursive. a 


We have now assembled the machinery needed to show that the functions 
involved in our coding of URM programs are all primitive recursive. We 
turn to this in the final subsection. 


3.3 Codes of URM programs 


In this subsection we show that the sets of code numbers of URM 
instructions and URM programs are primitive recursive. Remember that, 
if you are short of time, you should not spend too much time on this 
subsection; try simply to obtain an appreciation of what is involved. 


We begin by considering the URM instructions. We let Zinstr, Sinstr, 
Cinstr and Jinstr be the sets of code numbers of the Zero, Successor, Copy 
and Jump instructions respectively and let Instr be the union of these sets; 
that is, Instr is the set of code numbers of URM instructions. We shall show 
that Instr is a primitive recursive set. 


Recall from the previous subsection that a number k codes a sequence of 
s positive integers if and only if Xse(k) = 1 and len(k) = s. 
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Theorem 3.9 


The set Instr of code numbers of URM instructions is primitive 
recursive. 


Proof 


Since the union of a finite number of primitive recursive sets is primitive 
recursive (by the remark after Problem 1.8), it is enough to show that the 
sets Zinstr, Sinstr, Cinstr and Jinstr are primitive recursive. 


First consider 
Zinstr = {3(Z(n)):n€ Z*} = {6n-3:ne€ ey, 


Thus Zinstr is the set of natural numbers which are divisible by 3 but not 
by 6. So the characteristic function of this set is given by 


Xzinstr() = div(k, 3) sg (div(k, 6)) 


and this is a primitive recursive function since it is obtained by substitution 
from the primitive recursive functions mult, div and 5g using constants. 
Hence Zinstr is a primitive recursive set. 


Next consider 
Sinstr = {B(S(n)):n € Z*} = {6n : n € Z*}. 
Its characteristic function is given by 


Xsinstr(k) = sg(k) div (k, 6) 


and this is primitive recursive function since it is obtained by substitution 
from the primitive recursive functions mult, sg and div using constants. 
Hence Sinstr is a primitive recursive set. 


Recall that 3(C(m,n)) = 2™ 3” +1. Hence k € Cinstr if and only if the 
remainder when k is divided by 3 is 1 and k — 1 codes a pair of positive 
integers. Thus 

k€ Cinstr <> rem(k,3) = 1 and Xseą(k — 1) =1 

and len(k + 1) = 2. 

If we introduce the properties P(k) <> rem(k,3) = 1 and 
Q(k) <=> len(k + 1) = 2, we have 

XCinstr(k) = XP(K)X geqlk = 1)xQ(k). 


The function xp is primitive recursive since it is obtained by substitution 
from the primitive recursive functions y,, and rem using using constants. 
The function xg is primitive recursive since it is obtained by substitution 
from the primitive recursive functions x,,, len and ~ using constants. 
Therefore the function Xçcinstr is primitive recursive since it is obtained by 
substitution from the primitive recursive functions mult, xp, X seg, ~ and 
Xq using constants. Hence Cinstr is a primitive recursive set. 


Finally, since 3(J(m,n,q)) = 2 3" 51 + 2, we see that 
k€ Jinstr <=> rem(k,3) = 2 and Xse(k — 2) =1 
and len(k + 2) = 3. 


If we introduce the properties R(k) <> rem(k,3) = 2 and 
S(k) <=> len(k + 1) = 3, we have 


XJinstr(k) pT XR(E)XSeq(k = 2)x5(k), 


and in a similar manner to above we can deduce that X Jinstr iS a primitive 


recursive function. Hence Jinstr is a primitive recursive set. a 
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Remember that a property is a 
one-place relation. 


We are now ready to show that the set of code numbers of URM programs is 
primitive recursive. We let Prog be this set. Thus 


Prog = {y(P):P € P}. 


Theorem 3.10 


The set Prog of code numbers of URM programs is primitive recursive. 


Proof 


A natural number n codes a URM program if and only if it codes a sequence 
of positive integers which are the code numbers of URM instructions. If n 
codes such a sequence, len(n) is the number of terms in the sequence. Also, 
for 1 < j < len(n), the number (n); is the exponent of the jth prime in the 
prime decomposition of n. So (n); is the jth number in the sequence coded 
by n. Thus 


n E€ Prog <= > Xgeq(n) = 1 and (n); € Instr for 1 < j < len(n). 


Now (n); € Instr if and only if Xmstr((n)j) = 1. So (n); € Instr for 
1 < j < len(n) if and only if Xmstr((n)j) = 1 for 1 < j < len(n), and this is 
the case if and only if 


len(n) 


II Xinstr((7);) ab 


Thus n € Prog if and only if 


len(n) 


XSeq(") x i Xina Az) =1. 
j=l 


Let us now define the function g : N? — N by 
1 ee — 


z 
a(n, 2) i I] Xinser((”);); otherwise. 
j=l 


We use this function to obtain the characteristic function of the set Prog, We need to define g to ensure that 
which is given by XProg İS defined if len(n) = 0, i.e. if 
n=O0orn=1. 
XProg(") = Xseq(n)g(n, len(n)). 
Now the function (n, j) > X msir((n);) is primitive recursive since it is 
obtained by substitution from the primitive recursive functions X jnst, and 
(n, j) —> (n);. Hence the function g is primitive recursive, by Theorem 3.2. 
Therefore the function xp, is primitive recursive since it is obtained by 
substitution from the primitive recursive functions mult, y Seq» g and len. 
Hence Prog is a primitive recursive set. a 


The advantage we gain from knowing that URM instructions and URM 


programs can be coded in a primitive recursive way will become apparent in 
the next unit. 
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SUMMARY 


In this unit, primitive recursive functions were introduced. These are the 
functions which can be obtained from certain basic functions by the 
operations of substitution and primitive recursion. It follows from work in 
Unit 1 that every primitive recursive function is URM-computable. We 
found that many standard functions such as addition, multiplication and 
exponentiation are primitive recursive, and we also found some more 
unexpected examples such as the function which enumerates the prime 
numbers. Primitive recursiveness for sets of natural numbers and relations 
between numbers was defined using their characteristic functions. This led 
us to the important technique of definition by cases for establishing 
primitive recursiveness. 


The ‘size’ of infinite sets was considered. We defined a set to be countably 
infinite if it is in one-one correspondence with the set N of natural numbers. 
We found that infinite subsets of N are countably infinite and that N*, 

k > 1, is countably infinite. We also found that the sets of URM 
instructions, URM programs and URM functions of one variable are 
countably infinite. However, the set of all functions of one variable is not 
countably infinite. So we have found that there are functions which are not 
URM-computable, and hence which are not primitive recursive. 


A standard way of showing that an infinite set X is countably infinite is to 
show that there is a one-one function from X into N. The values of this 
function can then be regarded as code numbers for the elements of X. In 
this way we coded the URM instructions and URM programs. Finally we 
established that the sets of code numbers of URM instructions and URM 
programs are primitive recursive. The proofs involved all the techniques 
introduced earlier in the unit and the important new ones of bounded 
summation, bounded product and bounded minimization. 


A question left open in this unit is whether or not every URM-computable 
function is primitive recursive. This will be answered negatively in Unit 3. 
Then one more operation will be introduced and we shall find that all 
URM-computable functions can be obtained from the basic functions using 
this operation together with substitution and primitive recursion. 
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OBJECTIVES 


We list those topics on which we may set assessment questions to test your 
understanding of this unit. 


After working through the unit you should be able to: 

(a) give a proof that a given function is primitive recursive by showing how 
it can be obtained from functions already known to be primitive 
recursive using substitutions and primitive recursions; 

(b) show that a specified set or relation is primitive recursive by proving 
that its characteristic function is primitive recursive; 

(c) evaluate the functions used to code ordered k-tuples in the proof that 
N*, k > 1, is countably infinite and, given a natural number, determine 
which ordered k-tuple, if any, it codes; 

(d) prove in simple cases that specified sets are countably infinite; 

(e) find the code numbers of specified URM instructions and URM 
programs; 

(f) given the prime decomposition of a number, determine whether or not it 
codes a URM program and, if so, which program it codes; 

(g) determine particular values of functions defined by bounded 
minimization; 

(h) show that a specified function or relation is primitive recursive using 
techniques introduced in the unit, such as the use of constants, 
definition by cases, bounded minimization, bounded summation or 
bounded product applied to a function or relation already known to be 
primitive recursive; 


(i) evaluate particular cases of the functions len, X seq and (n, j) — (n);. 
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ADDITIONAL EXERCISES 


Most of these exercises provide further practice, should you feel you need it, 
in handling the main ideas in the unit on which you are likely to be assessed. 


There are a few harder problems, labelled as such in the margin. These are 
harder than any of the problems you are likely to encounter in the 
assessment and are included solely as challenges for the interested student. 


Section 1 
1 Show that, for k > 1, every constant function of k variables is primitive 
recursive. 
2 Show that, for each k € N, the sets 
{neN:n žk}, {neN:n>k} 
are primitive recursive. 
3 The symmetric difference of the sets A and B, written AAB, is defined 
by 
AAB = {z: (x € A and z ¢ B) or (x € B and z ¢ A)}. 
Prove that if A and B are primitive recursive sets then so also is AAB. 
4 Show that the function f defined by 
2na, if nı +12 < min(n2, n3), 
f(n no, n3) = 4 ni’, if 2ni +3n2 + 4nz = 80, 
5; otherwise, 
is primitive recursive. 
Section 2 
1 Let f3 be the function used for coding ordered triples of natural 

numbers in Example 2.3. 

(a) Evaluate f3(4,2,4) and f3(4, 3, 2). 

(b) For each of the following values of k determine whether there are 
natural numbers n1, nz, ng such that f3(n1,n2,n3) = k and, if so, 
determine the values of nı, ng and ng. 

(i) k=100 (ii) k= 480 (iii) k = 490 
2 (a) Prove that if for each k € N the set A; is countably infinite, then Harder problem 
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the set hy A, is also countably infinite. Hint: Consider how you 


keN 
might use one-one functions from Ap to N for each k together with 


the Fundamental Theorem of Arithmetic to help you define a 
suitable one-one function from U A; to N. 

ken 
A positive real number z is said to be a root number if, for some 
k € N with k > 2, we have z € N. Prove that the set of root 
numbers is countably infinite. 


The notation O Ak means 
keEN 
Ao U A1 U A2U.... 


€ 


3 (a) Prove that the set Q* of positive rational numbers is countably 
infinite. Hint: Every positive rational number can be written in a 
unique way as a/b where a and b are relatively prime positive 
integers. Exploit this fact to define a one-one function from Q* 
to N. 

(b) Show that the set Q of rational numbers is countably infinite. 

4 Prove that the set A(N) of all subsets of the set N of natural numbers 
is infinite but not countably infinite. Hint: Use a diagonal argument to 
show that there is no function from N to.A(N) which is onto. 

5 (a) Calculate the code number for each of the following URM 

instructions. 
(i) (7) (ii) S(8) (iti), ~<C(5,2) (iv) (1,5, 3) 

(b) In each of the following cases determine whether the given number 
codes a URM instruction and, if so, determine the URM instruction 
that it codes. 

(ere (ii) 73 (iii) 74 (iv) ero (v) 152 

6 Which is the smallest number that codes a URM instruction? 

Section 3 

1 Show that the set 

{n € N:n is not a multiple of 3} 

is primitive recursive. 

2 For any integer n > 1, a(n) is defined to be the sum of the distinct 
divisors of n including 1 and n. We put o(0) = 0. Prove that 
a:N — N is a primitive recursive function. 

3 The function g : N? — N is defined by 

g(n, z) = py < z (4? =n). 

Evaluate: 

(a) g(64,2); (b) g(125,10); (c) g(25,10). 

4 Let f:N — N be the function defined by 

f(n) = uy (n < y and y is a multiple of 5). 

Show that f is primitive recursive. 

5 (a) Evaluate: 


(i) len(60); (ii) 
(b) Evaluate: 
(i) Xseq(420); 


(c) Evaluate: 


Gi) (720)z; (i) 


len(20!). 
(ii) X Seq(4900); (iii) XSeq(20!). 


(7007)a; (i) (3275346 933),. 


Recall, from Number Theory, 

Unit 1, that the rational numbers 
are the numbers a/b with a € Z 
and b € Z* and that a and b are 
relatively prime if gcd(a, b) = 1, i.e. 
if the greatest common divisor of a 
and b is 1. 


Harder problem 


This is a special case of what is 
called Cantor’s Theorem. 


This function appears in Number 
Theory, Unit 5. 


Note that f(0) = 0, 


f(1) = f(2) =... = f(5) =5, 
f(6) = 10 and so on. 
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The Fibonacci sequence (Number Theory, Unit 2) is the sequence of Harder problem 
numbers defined, for n € N, by 
F(0)=0, F(1)=1 and F(n+2)=F(n+1)+F(n). 


This defines F by a type of recursion but, on the face of it, it is not a 
primitive recursion because instead of defining F(n + 1) in terms of 
F(n), the recursion equation defines F'(n + 2) in terms of F(n + 1) 

and F(n). The aim of this exercise is to show that, none the less, F is a 
primitive recursive function. 


We let G be the function defined by 
G(n) = 2PM gZR(r+)), 
(a) Prove that G is a primitive recursive function. 


(b) Deduce that F is a primitive recursive function. 


Show that the function f defined by Harder problem 
the largest prime number 
f(n)= which is a divisor of n, if n > 2, 
n, otherwise, 


is primitive recursive. 


SOLUTIONS TO THE PROBLEMS 


Solution 1.1 
The function Co is the basic primitive recursive function zero. 


Now suppose that, for some natural number m, Cm is a primitive recursive 
function. Since succ(m) = m + 1, we see that 


Cm+1(n) = succ(C,(n)). 


Since Cm is a primitive recursive function and Cm+1 is obtained by We are here making use of the fact 
substitution from the basic primitive recursive function succ and Cp, it noted immediately after 
follows that Cm+1 is a primitive recursive function. Definition 1.2. 


It now follows from the generalized Principle of Mathematical Induction 
(Number Theory, Unit 1) that Ca is a primitive recursive function for all 
natural numbers a. 


Solution 1.2 
We observe that 
an + b = add(mult(a,n),b) = add(mult(a, n), C;(n)) 


where Cy is a constant function as defined in Problem 1.1. Thus the function 
given by n — an + b is obtained by substitution from the functions add, C, 
and h, where h : N — N is given by 


h(n) = mult(a;n). Notice that, since a is fixed, 
Pee : mult(a, n) is a function of just one 
We know that add and C, are primitive recursive (from Example 1.2 and aecaci vital 


Problem 1.1). Thus to show that n — an + b is primitive recursive we need 
to show that h is primitive recursive. We can do this by writing 


h(n) = mult(Ca(n), Ui (n)), Notice how we need to use a 
5 N A faena ane projection function — namely the 
demonstrating that h is obtained by substitution from the primitive identity function — in order to 
recursive functions mult, C, and U} (by Example 1.2, Problem 1.1 and obtain a formula that satisfies the 
Definition 1.1). Hence h is primitive recursive. Therefore definition of substitution even 


when there is only one variable. 


an + b = add(h(n), Cy(n)) 


and so n +— an + b is primitive recursive since it is obtained by substitution 
from the primitive recursive functions add, h and Cy. 


Notice that we needed to use the operation of substitution twice here, once 
to show that h is primitive recursive and then again to show that 
nt— an +b is. Thus an alternative solution would be to write 


an + b = add(mult (Ca (n), U} (n)), C,(n)) 


and to deduce that n — an + b is obtained using two levels of substitution 
from the primitive recursive functions add, mult, Ca, Ul and Cj, so that 
nt— an + b is primitive recursive. 


Solution 1.3 
We observe that 
gı (nı, n2) — f(C2(m, nə), U? (n, nə), U2 (n, n2)), 


so that gı is obtained by substitution from the primitive recursive functions 
f, C2, U? and U2. Therefore g is primitive recursive. 


Similarly by observing that 


g2(n1, n2) = f (U? (n1, n2), C2 (m1, n2), UF (ni, n2)) 
g3(nı, n2) = f (U? (n, n2); UF (nq;nz), C2(n1, n2)) 


we can conclude that go and g3 are primitive recursive. 


51 


Solutions to the Problems 


Solution 1.4 
We observe that 


g(n) = f(Ui (n), Ui (n)), 


so that g is obtained by substitution from the primitive recursive functions f 
and U}. Hence g is primitive recursive. 


Solution 1.5 


(a) Although with ordinary subtraction (n — m) + 1 will always equal 
n — (m — 1), this result fails for cut-off subtraction. For instance, 
(1+0)+1=14+1=2, but 1- (0-1) =1-0=1F2. 

(b) As the definition of n ~ m depends on whether m < n or n < m, we 
need to compute (n >m) + m separately in each of these cases. 


If m <n then n>m =n — m, so that (n > m) +m =n = max(n, m). 
If n <m then n >m = 0, so that (n >m) +m = m = max(n, m). 
It follows that 

max(n,m) = (n>m)+m, 


so that max is defined by substitution from the primitive recursive 
functions add and ~. Hence max is a primitive recursive function. 


(c) Asn+m = max(n,m) + min(n, m), it follows that 
min(n,m) = (n + m) — max(n, m) 
and, as max(n, m) < n +m, we have 
min(n, m) = (n + m) ~ max(n, m). 


Thus min is defined by substitution from the primitive recursive 
functions —, add and max. Hence min is a primitive recursive function. 


There is often more than one way to show that a given function is 
primitive recursive. For example, here we could have used the fact that 


min(n, m) =n + (n + m). 
Solution 1.6 
We have 
adf(n,m) = (n>m) + (m+n). 
Thus adf is obtained by substitution from the primitive recursive functions 


add and —. Hence adf is a primitive recursive function. 


Solution 1.7 
If y(n) = 1 then yp(n + 1) = 0 and if xg(n) = 0 then xg(n +1) = 1. 
Thus xp can be defined by the equations 

XB (0) = 1, 

Xp(n + 1) = 5&(Xg(n)). 


Thus Xp is primitive recursive since it is defined by primitive recursion from 
the constant 1 and the primitive recursive function sg. Hence £E is a 
primitive recursive set. 
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Notice that 

adf(n,m) = add(n > m, g(n,m)), 
where 

g(n,m) = Uz(n, m) = U?(n, m), 
so there are two levels of 
substitution needed here. 


| 
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Solutions to the Problems 


Solution 1.8 


Since A and B are primitive recursive sets, their characteristic functions X4 
and Xp are primitive recursive. 


Let n be a natural number. 


Then n € AN B if x4(n) = 1 and yg(n) = 1 and n ¢ ANB if x4(n) =0 or 
Xp_(n) = 0. Thus the characteristic function of AN B is given by 
Xang (n) = Xa() x Xp(n). 


Hence x 4qp is defined by substitution from the primitive recursive functions 
mult, X4 and yz, and so is a primitive recursive function. Thus AN B is a 
primitive recursive set. 


Also n E€ AUB if x4(n) +xp(n) > 0 and n ¢ AUB if x4(n) + xp(n) =0. 
Thus the characteristic function of AU B is given by 
XauB(") = sg(xa (n) + Xp(n)). 


Hence x 4yg is defined by substitution from the primitive recursive functions 
sg, add, x4 and yp, and so is a primitive recursive function. Thus AU B is 
a primitive recursive set. 


Solution 1.9 


Let (n,m) be an ordered pair of natural numbers. 


We observe that if n < m then m >n > 0 while if n > m then m >n = 0. 
Thus the characteristic function of the relation < is given by 


X<(n, m) = sg(m + n). 


Thus x< is obtained by substitution from the primitive recursive functions 
sg and —, and so is a primitive recursive function. Hence < is a primitive 
recursive relation. 


Next we observe that if n < m then n >m = 0 while if n > m then 
n >m > 0. Thus the characteristic function of the relation < is given by 


X<(n,m) = 5g(n =m). 


Thus x< is obtained by substitution from the primitive recursive functions 
5g and —, and so is a primitive recursive function. Hence < is a primitive 
recursive relation. 


Solution 1.10 


By hypothesis, the characteristic functions yp and yg of the relations R and Note the similarity of this solution 
S are primitive recursive. The characteristic functions of the relations T, U to the proof of Theorem 1.2 and to 
and V are given by Solution 1.8. 


Xr (M1, N2,- , Nk) = 5E(XR(M1, N2,---,Nk)), 
Xu (M1, Nyss, Tik) = XR(M1, N2,..-, Mk) X Xg(M1, N2,.--, Nk), 
Xv (nı, Ne, Aa Tik) = sg(xr(Nı, N2, asg , Nk) + Xg(N1, no, Sane PEJ): 


It follows that the relations T, U and V are primitive recursive, as their 
characteristic functions are obtained by substitution from the primitive 
recursive functions 8g and x, in the case of T, mult, xg and yg in the case 
of U and sg, add, yp and xg in the case of V. 
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Solutions to the Problems 


Solution 1.11 
Let S be the relation on ordered triples defined by 


S(n1, n2, n3) < ite 
Its characteristic function is given by 
Xs (nı, n2, n3) = X< (m1, n2). 


Since x< is primitive recursive (Problem 1.9), Xg is a primitive recursive 
function (since it is obtained by substitution from the primitive recursive 
function x<) and hence S is a primitive recursive relation. 


Similarly the relation T on ordered triples defined by 
T(ni,n2,23) <=> ne<ng 

is primitive recursive. 

But 
R(ni,n2,n3) <=> S(ni,n2,n3) and T(n1,n2, 3), 


so R is a primitive recursive relation by Problem 1.10. 


Solution 1.12 
Since 

h(n, n2, n3) = f(U3 (m1, n2, n3), U3(ni, N2, ns), U3 (n, n2, n3)) 
we see that h is obtained by substitution from the primitive recursive 


function f and projection functions. Thus h is a primitive recursive function. 


Solution 1.13 


From Unit 1, we know that the factorial function fac: n — n! can be 
defined by primitive recursion as 


fac(O)—= 15 
fac(n + 1) = mult(n + 1, fac(n)). 


Thus fac is defined by primitive recursion from the constant 1 and the 
primitive recursive functions mult and add using constants, and hence is 
primitive recursive. 


We now consider the function C : N? > N. For r <n, 


n! 


Car) — = quot(n!, r! x (n= r)!). 


Also, for r >n, 
quot(n!, r! x (n ~ r)!) = quot(n!, r!) = 0 

since (n +r)! =0! = 1. 

Thus for all n,r € N we can define the function C by 
C(n,r) = quot(n!, r! x (n= r)!). 


Hence C is defined by substitution from the primitive recursive functions 
quot, fac, mult and ~. Hence C is a primitive recursive function. 
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Solution 1.14 


The formula for f is essentially the same as that in the proof of 

Theorem 1.4. We have just to replace the single variable n by the ordered 
l-tuple (n1,n2,...,m) and the sets A1, Ag,..., Ax by the relations 

Ri; Ro,..., Rk- Thus we have 


f(n nz; m) = 9i(m1,N2,---,M1)XR, (N1, N2,..-,n1) 
+ go(ni,n2,.--,)XR, (N1, M2,-.., M1) 
+ gx (ni, n2,--.,M1)Xp, (M1, N2, <- N4) 


and it follows that the function f is primitive recursive. 


Solution 1.15 
Let R3 be the two-place relation defined by 
R3(n,m) <=> not Ri(n,m) and not Ro(n,m). 
Then 
gi(n,m), if Ri(n,m), 
f(n,m) = ¢ go(n,m), if Ro(n,m), 
g3(n,m), if R3(n, m). 


It follows from Theorem 1.5 that f is primitive recursive provided that Ri, 
Rə and R are primitive recursive relations which are mutually exclusive and 
exhaustive. 


From the definition of the relation R3, at least one of the relations holds for 
all pairs (n,m), so that the three relations are exhaustive. 


Furthermore, if R3(n,m) then neither Rı(n, m) nor Rə(n, m). Now suppose 
that Ri(n,m) and R2(n,m). Then max(n,2m) > 21, so that either n > 21 
in which case 3n + 4m > 63, which is a contradiction of Ro(n,m), or m > 11 
in which case 3n + 4m > 44, which is again a contradiction of R2(n,m). 
Therefore the three relations are mutually exclusive. 


Thus the relations R;, Rọ and Rg are mutually exclusive and exhaustive. 
Next, the characteristic function of R, is 
XR, (n,m) = X< (21, max(n, 2m)). 


Thus Xp, is obtained by substitution from the primitive recursive functions 
X<, max and mult using using constants. It follows that yp , İs a primitive 
recursive function. Thus R; is a primitive recursive relation. 


Also the characteristic function of Rə is 
XRe (n, m) J Xeq(3n + 4m, 43). 


Thus Xp, is obtained by substitution from the primitive recursive functions 
Xeq, add and mult using using constants. It follows that x Rə İS a primitive 
recursive function. Thus Rg is a primitive recursive relation. 


Finally Rg is a primitive recursive relation by Problem 1.10. 


Thus f is a primitive recursive function. 


Solution 2.1 
(a) f(3,2) = 233? =8x9=72. 
f(2,3) =27°S* =4 x 27 = 108. 
(b) (i) 12= 273}, so (n,m) =(2,1). 
(ii) 16 = 243°, so (n,m) = (4,0). 
(iii) 216 = 8 x 27 = 23 33, so (n,m) = (3, 3). 


Solutions to the Problems 


Of course, if Ri, R2 and R3 hadn’t 


been mutually exclusive and 
exhaustive then f wouldn’t have 
been a function! 
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Solutions to the Problems 


Solution 2.2 
(a) f3(3, 2,1) = 233751 =8 x 9 x 5 = 360. 
fa(2,1, 2,1) = 27315? 7! =4 x 3 x 25 x 7 = 2100. 
(b) (i) 240=16x3x 5= 243151, so (m1, n2,n3) = (4,1, 1). 
(ii) 100 = 4 x 25 = 22 30 5270, so (ni, n2, na, n4) = (2,0, 2,0). 


Solution 2.3 


Let Z~ be the set of negative integers: that is, Z7 = {—1 ...}. Then 
Z = Z` UN. The function f :Z~ — N given by f(n) = ini is one-one. 
Hence, since Z~ is infinite, it follows from Theorem 2.1 that Z` is countably 
infinite. Therefore it follows from Theorem 2.3 that the set Z is countably 
infinite. 


(An alternative method of proof is to observe that we can list the elements 
of Z in a single sequence as follows 


Z ={0,=14,-2:2;-2,3,:.:} 


and we can use this listing to define, directly, a one-one correspondence 
between Z and N.) 


Solution 2.4 


(a) B(Z(5)) =6 x 5-3 = 27. 

(b) B(S(4)) = 6 x 4 = 24. 

(c) B(C(5,1)) = 2°3'+1=32x3+1=97. 

(d) B(J(3, 2, 2)) = 23 3? 5? + 2 = 8 x 9 x 25 + 2 = 1802. 
(e) B(J(1,1,1)) = 2'315'+2=2x3x5+2 = 32. 


Solution 2.5 


The first step is to calculate the remainder when we divide the given number 
by 3. If the remainder is 0, the number codes either a Successor instruction 
or a Zero instruction according to whether it is also divisible by 6. If the 
remainder is 1 we look to see if we can write the number as 2° 3°41 with 
a,b > 0, and if the remainder is 2 we see whether we can write it in the form 
22 36 5¢ + 2 with a,b,c > 0. 

(a) 24 = 6 x 4, so 24 codes the instruction S(4). 

(b) 25 = 24 + 1 = 23! + 1, so 25 codes the instruction C(3, 1). 


(c) 26 = 24+ 2 = 2? 3! + 2, so 26 does not have the correct form to be the 
code of a URM instruction. 


(d) 27 = 6 x 5 —3, so 27 codes the instruction Z(5). 

(e) 289 = 3 x 96 + 1 = 25 3? + 1, so 289 codes the instruction C(5, 2). 

(£) 272 = 3 x 90+ 2 = 2! 33 5! + 2, so 272 codes the instruction J(1,3, 1). 
(g) Since 50000 = 3 x 16666 + 2, if 50000 codes a URM instruction then it 


must code a Jump instruction. But 3 x 16666 = 49998 which is clearly 
not divisible by 5 and so cannot have the form 2° 3° 5° with c > 0. 
Hence 50000 does not code a URM instruction. 


Solution 2.6 

The code numbers of the instructions are: 
B(J(1,2,4)) = 213754 + 2 = 2 x 9 x 625 + 2 = 11 252, 
B(S(2)) = 6 x 2 = 12, 
p(C(2,1)) =2 3t +1 =4x3+1=13. 

Hence 7(P) = 211252 312 518. 
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Note that once we know a number 
is divisible by 3, we need only 
check whether it is even to decide 
whether it is also divisible by 6. 


Solution 2.7 
From Solution 2.6 we see that 11252 codes the instruction J(1,2,4). Since 
6 = 6 x 1, we see that 6 codes the instruction $(1). From Solution 2.4(e) we 


see that 32 codes the instruction J(1,1,1). Hence the given number codes 
the URM program 


i aS 
2 S) 
IIL 


Solution 3.1 
The function g satisfies the equations 
g(nı, no, ae .; Mk, 0) = L 
E ET A D) = 9(N1,N2,...,NK,z) x f(ny,N2,..., NK, z+ 1). 


This shows that g is defined by primitive recursion from the primitive 
recursive functions mult, f and add using constants. Hence it follows that g 
is primitive recursive. 


Solution 3.2 
We set out the values in the following table. 


Solution 3.3 


One way to prove the theorem is to mimic the proof of Theorem 3.4, as 
follows. 


The function g can be defined as follows. 


0 Sia ei ebeet all) 
(a) g(ny,N2,...,N~,0) = š 
1, otherwise. 


g(n1,N2,...,NK,Z), if g(n1,2,..., Mx, Z) sz, 
“2 z+1, if g(ni,n2,...,me,z) = 241 
(b) g(nmi,nz,...,me, 2 +1) = and R(n, n2,..., nk, z +1), 
z+2, otherwise. 


The correctness of (a) should be clear. The cases in (a) are clearly mutually 
exclusive and exhaustive. Furthermore, using the result quoted after 
Problem 1.15, we can deduce that the relations defining the cases are 
primitive recursive. Also, since the formulas 0 and 1 for the functions on the 
right-hand side in (a) are constants, these functions are primitive recursive. 
Hence, by Theorem 1.5, the function in (a) is primitive recursive. 


Solutions to the Problems 


on 


Solutions to the Problems 


Let us now check that (b) is correct. Note first that if g(m1,m2,---,Mk,2) Sz 
then the relation R(n1,n2,..., nk, y) is satisfied for some y < z, and the 
smallest value of y < z which satisfies this relation is also the-smallest value 
of y < z +1 which satisfies this relation. So in this case the value of 
g(n1,N2,..., Nk, Z + 1) is the same as the value of g(ni,N2,.--, Nk, Z). 
Otherwise there is no value of y < z that satisfies the relation and the value 
of g(n1,N2,---, Mk, Z + 1) is z +1 if R(n, n2,- .- Nk, Z + 1) holds and z + 2 
otherwise. Thus (b) is correct. Also, this discussion shows that the cases in 
(b) are mutually exclusive and exhaustive. 


Furthermore, using the result quoted after Problem 1.15, we can deduce that 
the relations defining the cases in (b) are primitive recursive. Also, since the 
formulas g(n1,n2,..--, Npk, Z), z + 1 and z + 2 for the functions on the 
right-hand side are expressed in terms of g(n1, n2,- - -, Nk, z), the variable z 
and the primitive recursive function add using constants, these functions are 
primitive recursive. Hence, by Theorem 1.5, the function in (b) is primitive 
recursive. 


Therefore g is defined by primitive recursion from functions known to be 
primitive recursive. It follows that g is a primitive recursive function. 


Another way to prove the theorem is make use of Theorem 3.4 and the 
characteristic function Xp of R. 


From the definition of Xg, we can express py < z R(n1,n2,... sks Y) 
alternatively as 


HY < z(xr(n1, N2,- oa snk, Y) = 1). 


To exploit Theorem 3.4 we need to turn Xg(n1, n2, ..- ,Nk, y) = 1 into 
something of the form f (n1, n2, .-., nk, y) = 0. One way to do this is to use 
the signum-bar function, since 


XR(NI N2,- nk; y= 1 <> 5E(Xp(M1, N2,- - - Nk, Y)) = 0. 
Now we define the function f : NEN by 
f(ni, ne, see Nk+1) = 58(XR(M1, N2, ons ,Nk+41)). 


This function is primitive recursive since it is defined by substitution from 
the primitive recursive functions 5g and Xp- 


So, finally we have, we have 
g(ni,N2, tee tas) = uy < z (f (ni, n2; oe Nk, Y) = 0) 
where f is primitive recursive. Hence, by Theorem 3.4, g is primitive 


recursive. 


Solution 3.4 
Consider the relation R(m, y) given by 


Rim,y) <> m<3. 
Its characteristic function is 


Xr(M, y) = X<(m, exp(3, y)), 


which is obtained by substitution from the primitive recursive functions 
X< and exp using constants, and so is primitive recursive. Hence the 
relation R is primitive recursive. 


Therefore, by Theorem 3.5, the function g : N? — N given by 
g(m, z) = py < z R(m,y) 


is primitive recursive. 
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Solutions to the Problems 


We have f(n) = uy R(n,y) and so to show that f is primitive recursive we 
need a suitable bound z on y expressed in terms of n (and perhaps earlier 
values of the function f). From the hint, n < 3” for all n € N, so that a 
suitable bound on y is simply n itself. Thus for all n we have 


f(n) = g(n, n), 


so that f is primitive recursive by Problem 1.4. 


Solution 3.5 


We shall show that f is defined by primitive recursion from known primitive 
recursive functions. It is the definition of f(n + 1) which requires attention, 
as f(0) is simply defined using a constant. 


Let R(m, y) be the relation given by 
R(m,y) <= m< y and y is not divisible by 4. 


The relation < is primitive recursive (by Problem 1.9). We have 


y is not divisible by 4 <> div(y,4) =0. One could also apply the ‘not’ part 
Aire : : : Ree of Problem 1.10 to the relation ‘y is 
The characteristic function of the relation ‘div(y, 4) = 0’ is primitive divisible by 4’. 


recursive since it is obtained by substitution from the primitive recursive 
functions Xeq and div using constants. Hence the relation ‘y is not divisible 
by 4’ is primitive recursive. Therefore, by Problem 1.10, the relation R(m, y) 
is primitive recursive. 


Hence, by Theorem 3.5, the function g : N? — N given by 
g(m, z) = py < z R(m, y) 
is primitive recursive. 


We have f(n +1) = py R(f(n), y) and so to show that f(n + 1) is given by a 
primitive recursive function we require a bound z on y given by a primitive 
recursive function of n and f(n). The biggest gap that can occur between 
f(n) and f(n +1) is 2. This happens when f(n) + 1 is divisible by 4 and 
forces f(n + 1) to be f(n) + 2; otherwise f(n +1) is just f(n)+1. Soa 


suitable bound z on y is f(n) + 2. So letting h: N — N be defined by Other bounds on y, such as 4n, 
h(m) = m + 2, so that h is primitive recursive (by Problem 1.2), we have would do just as well. There are no 
prizes for a ‘best’ bound, even if 
f(n+1) = uy < h(f(n)) RUF (n), y) = g(F (n), hC (n))). there happens to be one! 
Therefore we have 
f0) =1, 


f(n +1) = g(f (n), h(f(n)), 


so that f is obtained by primitive recursion from the constant 1 and the 
primitive recursive functions g and h. Thus f is a primitive recursive 
function. 


Solution 3.6 

Since 45 = 3? 51, len(45) = 2. 

Since 700 = 2? 5271, len(700) = 3. 
Since 2100 = 2? 3! 52 71, len(2100) = 4. 


Solution 3.7 

(a) Since 30 = 21 3! 5+, Xse(30) = 1. 

(b) Since 60 = 2? 3+ 5t, Xseg(60) = 1. 

(c) Since 42 = 2! 3! 7? (that is, it is divisible by 7 but not by 5), 
Xseq(42) = 0. | 

(d) We do not need to factorize 200 200 completely to see that this number 
is divisible by 5 but not by 3. Hence X ge4(200 200) = 0. 
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Solution 3.8 


As 360 = 23 32 5!, we see that (360); = 3, (360)2 = 2, (360)3 = 1 and 
(360); = 0 otherwise. 


As 243 = 3°, we see that (243)2 = 5 and (243); = 0 otherwise. 


As 462 = 21 31 71 111, we see that (462), = 1, (462)2 = 1, (462)4 = 1, 
(462); = 1 and (462); = 0 otherwise. 


SOLUTIONS TO ADDITIONAL 
EXERCISES 
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For k > 1, let E: be the constant function of k variables with value a. 
We already know (Problem 1.1) that C} is a primitive recursive 
function. Now 


C¥(ni,n2,---, Nk) = Cl(n1) = C1(UF (ni, Nn2,---,Mk))- 


Thus C* is obtained by substitution from the primitive recursive 
function C1 and the projection function Uf. Hence Cf is a primitive 
recursive function. 


Put A, = {n E€ N:n Æ k}. Its characteristic function x4, is given by 
XA, (n) = SB(Xeq(n, k)) 


where x,, is the characteristic function of the primitive recursive 
relation of equality. Thus x4, is obtained by substitution from the 
primitive recursive functions 5g and x,, using constants. Therefore x 4, 
is a primitive recursive function and hence Ax is a primitive recursive 
set. 


Put By = {n € N:n > k}. Its characteristic function xg, is given by 


k 
Xp, (n) = Il Xa, (n). The symbol || indicates a product, 
r=0 so that 
Thus x B, is obtained by substitution from the primitive recursive Il xa, (n) = xa (n) x Xa, (n) 
functions mult and X45 XA,- -+3 XAg: Therefore Xg, is a primitive 25 
recursive function and hence By is a primitive recursive set. X+- X X4, (n). 
(Alternatively, 


XB, (n) = X<(k,n) 


where y< is the characteristic function of the primitive recursive 
relation <. Therefore yg, is primitive recursive since it is obtained by 
substitution from the primitive recursive function x< using constants.) 


We have 
AAB = (AN (N\ B))U(BN(N\ A)). 


Hence if A and B are primitive recursive sets, it follows from 
Theorem 1.2 and Problem 1.8 that the set AAB is also primitive 
recursive. 


4 ‘The definition is of the form 
gi(mi,n2,n3), if Ri(ni,n2,n3), 
f (ni, ne, na) = g2(n1, N2, n3), if Ro(n1, n2, n3), 
g3(m1,N2,n3), if R(n, n2, n3), 
where 
Rı(nı,n2,n3) <= ny +12 < min(ne,n3), 
Ro(n1,n2,n3) <= 2n1 +3n2 + 4n3 = 80, 
R3(n1,n2,n3) <= not Rı(nı,n2,n3) and not Ro(n1, no, ng). 
It follows from Theorem 1.5 that f is primitive recursive if R1, Ro 
and R3 are primitive recursive relations which are mutually exclusive 
and exhaustive and g1, g2 and g3 are primitive recursive functions. 
From the definition of the relation Rg, at least one of the relations 
holds for all (n1, n2, ng) € N°, so that the three relations are exhaustive. 
Furthermore, if R3 (n1, n2, ng) then neither Rı (n1, n2, ng) nor 
Ro(nı, n2, ng). Now suppose Rj (n1, n2,ng) and Rə(n1, n2, n3). Then 
ng > 12 and ng > 12 so that 2nı + 3n2 + 4nz > 36 + 48 > 80 which is a 
contradiction of Ra(n1, n2, n3). Therefore the three relations are 
mutually exclusive. 
Thus the relations R,, R and R3 are mutually exclusive and 
exhaustive. 
Next, the characteristic function of R, is given by 
XR, (n1, n2, n3) = X<(m + 12, min(n2,n3)). 
This is primitive recursive as it is obtained by substitution from the 
primitive recursive functions x<, add and min using constants. 
Also the characteristic function of Rg is given by 
XR (N1, N2, N3) = Xeq(2n1 + 3N2 + 4n3, 80), 
This is primitive recursive as it is obtained by substitution from the 
primitive recursive functions Xeq, add and mult using constants. 
Thus the relations Rı and Ro are primitive recursive. 
It follows from Problem 1.10 that the relation R3 is primitive recursive. 
Finally, 
gi(m1,N2,n3) = 2ng, 
g2(m1, n2, n3) = exp(n1, n3), 
g3(n1,n2,n3) = 5, 
and these are primitive recursive functions. 
Thus f is a primitive recursive function. 
Section 2 
1 (a) f3(4,2,4) = 243254 = 16 x 9 x 625 = 90000. 


f3(4, 3, 2) = 2433 5? = 16 x 27 x 25 = 10800. 
(b) (i) As 100 = 2? 3° 5?, we see that f3(2,0,2) = 100. 
(ii) As 480 = 32 x 3 x 5 = 25 31 51, we see that f3(5, 1,1) = 480. 
(iii) As 490 is divisible by 7, it is not of the form 2™ 3"2 5”3 and so 
is not a value of fs. i 


gı is primitive recursive since it is 


obtained from mult using 


constants; g2 is primitive recursive 


since exp is; g3 is primitive 
recursive since it is a constant 
function. 
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(a) Suppose that, for each k € N, the set Ap is countably infinite. Then 


ma 


Seay 


for each k € N there is a one-one function fp : Ak — N. We show 
now how to define a one-one function 


f: U Ar — N. 
keN 
Let x € Upen Ak and let k be the smallest natural number such 
that x € Ap. Then f;,(x) is defined and is a natural number. We 
put 


TOE 


We show now that f is a one-one function. Suppose that 

z, y © Uren Ak and f(x) = f(y). Let k and be the smallest 
natural numbers such that x € Ap and y E€ A, so that 

f(a) = 2*3f*@) and f(y) = 2'3™, Then, since f(x) = f(y) we 
have 2* 3f/«(#) = 21 3f:( so that, by the Fundamental Theorem of 
Arithmetic, k = l and f;,(x) = fi(y). Thus x,y € Ax and 

f(a) = fr(y). Since fk is a one-one function, it follows that x = y. 
Hence the function f is one-one and it follows from Theorem 2.1 
that the infinite set pen 4x is countably infinite. 


For each k > 2, put 
A, = {x E€ R: x > 0 and ză € N}. 


Thus A; = { V1, oa a .}. The function fk : Ak — N given by 
f(a) = 2* is one-one, so that, for each k > 2, the infinite set Ap is 
countably infinite (by Theorem 2.1). To use the result of part (a), 
we need to assign countably infinite sets to Ap and A;, which we 
can do without upsetting things by putting Ap = Ai = A2. We 
then have that the set of root numbers is |Jpen Ax and this set is 
countably infinite by the result of part (a). 


Using the hint that each positive rational number x can be written 
in a unique way as a,/b, where a, and b, are relatively prime 
positive integers, we can define a function f : Qt — N by 


f(z) = Og", 
which is clearly one-one. By Theorem 2.1, the infinite set Q* is 
countably infinite. 


We can show that the infinite set Q of negative rationals is 
countably infinite in a similar way to part (a). Each negative 
rational number y can be written in a unique way as —a,/b, where 
a, and by are relatively prime positive integers. The function 
g:Q — N given by 


gly) = 223", 
is clearly one-one and so, by Theorem 2.1, Q` is countably infinite. 


We can extend the definition of g to cope with the rational 
number 0 by setting g(0) = 0, so that g is then a one-one function 
from the set Q% of all non-positive rational numbers to N, which 
then shows that the set Qg is countably infinite. 


As Q = Qt U Qz, Theorem 2.3 gives that Q is countably infinite. 


The notations U and U, en are 


keN 
equivalent. 


Note that, for each n > 0, r =n 
has a unique positive solution 2, 
which we write as {/n. 


4 = It is clear that the set A(N) of all subsets of N is infinite as it includes 
for each k € N the set {k} whose only member is k. As suggested by 
the hint, we shall use a diagonal argument to show that there is no 
function from N to A(N) which is onto. 


Suppose that ® : N — P(N). Define a subset A of N by the rule 
neA <= nO), 


that is, n is in A if and only if n is not in the subset ®(n). Then A 
cannot be one of the values taken by the function ©, for if it were, A 
would be the subset ®(n) for some n € N, and for this value of n, 


n€A ifand only if n¢®(n) (by the definition of A) 
if and only if ng A (as ®(n) = A), 
which is a contradiction. 


Thus there is no function ® : N — P(N) which is onto, from which it 
follows that the set A(N) is not countably infinite. 


If you cannot quite see why we described the above as a diagonal 
argument, perhaps the following picture will help. 


SO fT Oo a O 
il a i TO ee 
$0) 0-0 Oe. Tu 
e317 GF O TO 
o(4)/0 0 0000 
96) | FOO Qk sz 


If n belongs to the subset (m), place an J (for ‘in’) in the appropriate 
entry of the table and otherwise put an O (for ‘out’). Then the subset 
A is defined so that it differs from each ®(m) along the diagonal. 


( Z(7)) =6x7-3=39. 

( 08 AG: 

(iii) B(C(5,2)) = 25 32 + 1 = 289. 

(iv) B(J(1,5,3)) = 21 35 53 + 2 = 60752. 

(i) As 72 = 6 x 12, we see that 72 codes the instruction $(12). 

(ii) As 73 =72+1=8x9+41 = 2°33? +1, we see that 73 codes 
the instruction C(3, 2). 

(iii) As 74 = 72 + 2 and 72 is divisible by 2 and 3 but not by 5, we 
see that 74 does not code a URM instruction. 

(iv) As 75 = 6 x 13 — 3, we see that 75 codes the 
instruction Z(13). 


(v) As 152 = 150+ 2 = 2! 3! 52? + 2, we see that 152 codes the 
instruction J(1, 1,2). 


6 We note that @(Z(1)) = 3 and B(Z(n)) > 3 for n > 1. Also 


A(S(n)) > 6, B(C(m,n)) > 7 and A(J(m,n,q)) > 32 for all m,n,q > 1. 
Thus 3 is the smallest number which codes a URM instruction. 
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We must show that the characteristic function of the set is primitive 
recursive. This function is given by 


nt > 38(div(n, 3)), 


and so is obtained by substitution from the primitive recursive 
functions 5g and div using constants. Hence it is primitive recursive. 


We have o(0) = 0 and, if n > 0, 
a(n) = > (k x div(n, k)). 
k=1 
The function (n, k) > k x div(n,k) is primitive recursive since it is 
obtained by substitution from the primitive recursive functions mult 
and div. Hence, by Theorem 3.1, the function g : N? — N given by 
0, wS 


z 


Silk x div(n,k)), otherwise, 
k=1 


g(n,z) = 


is primitive recursive. As a(n) = g(n,n), we see from Problem 1.4 that 
g is a primitive recursive function. 


(a) g(64,2) = uy < 2 (y? = 64) = 3, as there is no y with y < 2 and 
3 
y? = 64. 


(b) g(125, 10) = py < 10(y? = 125) = 5. 


(c) g(25,10) = py < 10 (y? = 25) = 11, as there is no y with y < 10 
and y? = 25 (and, indeed, no y € N such that y? = 25). 


Let R(m,y) be the relation given by 
R(m,y) => m< y and y is a multiple of 5. 
The relation < is primitive recursive by Problem 1.9. Also 
y is a multiple of 5 <= div(y,5) =1. 


The characteristic function of the relation ‘div(y,5) = 1’ is primitive 
recursive since it is obtained by substitution from the primitive 
recursive functions Xeg and div using constants. Hence the relation ‘y is 
a multiple of 5’ is primitive recursive. Therefore, by Problem 1.10, the 
relation R(m, y) is primitive recursive and, by Theorem 3.5, the 
function g : N? — N given by 


g(m, z) = py < z R(m, y) 


is primitive recursive. A suitable bound z for y in terms of n by which 
we can be sure of finding f(n) is n +6. So letting h : N — N be given 
by h(n) = n + 6, which is primitive recursive (by Problem 1.2), we have 


f(n) = g(n, h(n)). 


As f is obtained by substitution from the primitive recursive functions 
g and h, f is primitive recursive. 


There are other ways of showing f 
to be primitive recursive, for 
instance a definition by cases 
depending on the remainder when 
n is divided by 5. 


(a) (i) As 60 = 2?3'5!, it follows that len(60) = 3. 


(ii) The prime divisors of 20! are all the prime numbers less 
than 20, that is, 2, 3, 5, 7, 11, 13, 17 and 19. Thus 
len(20!) = 8. 


(b) (i) As 420 = 2? 31 5! 71, we see that 420 codes the sequence 


N 


2,1,1,1. Therefore x ¢,,(420) = 1. 


(ii) It can be seen that 4900 is divisible by 5 but not by 3 and 
hence it cannot code a sequence. Therefore y Seq(4900) = 0. 


(iii) We noted in part (a) that 20! has prime divisors 2, 3, 5, 7, 11, 
13, 17 and 19. This is a sequence of prime numbers starting 
at 2 with no gaps. Hence 20! codes a sequence. Therefore 
Xseq(20!) =1. 

(i) As 720 = 243? 51, the exponent of 3 is 2 so that (720)2 = 2. 


(ii) As 7007 = 7? x 143 and 7 does not divide 143 we see (noting 
that p4 = 7) that (7007)4 =D: 


(iii) Fortunately there is no need to factorize 3275 346 933 to see 
that it is not divisible by 2 and hence that (3275 346 933); = 0. 
We have 
C= SS 9s = 3. 
Also 
G(n as 1) = QF (n+1) 3F(n+2) = QF (n+1)3F(n+1)+F(n) 
using the definition of the Fibonacci sequence. Now 
F(n) = (G(n)) and F(n+1) = (G(n))2. 
Thus we obtain the following recursion equation for G. 
G(n + 1) = 2(E())23(E(n))2+(G(n))1 
Thus we have 
G(0) = 3, 
G(n + 1) = 206M)23(G(m))2+(Gin))s 


so that G is defined by primitive recursion from the constant 3 and 
the primitive recursive functions mult, exp, (a,b) — (a), and add 
using constants. Hence G is primitive recursive. 


The function F is given by 
F(n) = (G(n))1. 
Thus F is obtained by substitution from the primitive recursive 


functions (a,b) +> (a), and G using constants. It follows that F is 
primitive recursive. 
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Let g be the function defined for n > 2 by 


g(n) = the largest value of y such that p(y) is a divisor of n. Recall that p(y) = py is the yth 


i ber. 
Then, for n > 2, f(n) = p(g(n)). We know that p is primitive recursive ee 


(Theorem 3.6), so to show that f is primitive recursive we are going to 
need to show that g is primitive recursive. 


It is tempting to say that 
g(n) = py < n(div(n,p(y)) = 1 and div(n, p(y + 1)) = 0) 


as it would then follow that g is primitive recursive. But unfortunately 
this definition of g is not correct. For example, as 10 is divisible by 2 
but not by 3 (that is, div(10, p(1)) = 1 and div(10, p(2)) = 0) this 
formula gives g(10) = 1, but the largest prime number which is a 
divisor of 10 is 5, that is, p(3) not p(1). 


One way round this difficulty is to define g by searching for the largest 
prime which divides n downwards rather than upwards. We know that 
if p(y) is a divisor of n then y < n. So the largest prime which divides n 
is p(n — k) where k is the smallest positive integer such that p(n — k) is 
a divisor of n. Hence if we define the function h by 


h(n) = uk < n (div(n, p(n ~ k)) = 1) 
then the function g is given by 
g(n) =n = h(n). 


The relation ‘div(n, p(n > k)) = 1’ is primitive recursive since its 
characteristic function is obtained by substitution from the primitive 
recursive functions x,,, div, p and — using constants. Hence h is 
primitive recursive by Theorem 3.5. Therefore g is also primitive 
recursive since it is obtained by substitution from the primitive 
recursive functions — and h. 


Thus we can define f by 


n, otherwise. 


The function n > p(g(n)) is primitive recursive since it is obtained by 
substitution from the primitive recursive functions p and g. The 
identity function n +> n is primitive recursive. Since the relation > is 
primitive recursive, using the remark following Problem 1.15 we can 
deduce that the relations defining the cases are primitive recursive. 
Moreover, these relations are clearly mutually exclusive and exhaustive. 
So, by Theorem 1.5, f is primitive recursive. 


P(N) 49 

B 27 

BI) 27 

y 29 

(P) 29 

Hy 35 

py < z(f(ni,n2,...,ne,y) =0) 36 
y <zR_ 35, 38 

a(n) 49 


eq 15 
Cinstr 43 
Instr 43 
Jinstr 43 


Pr 33 
Prog 45 
Seq 40 
Sinstr 43 
Zinstr 43 


absolute difference 11 


basic primitive recursive functions 6 

bijection 22 

binomial coefficient 19 

bounded minimization 
on a function 36, 37 
onarelation 38 

bounded product 34 

bounded search 36 

bounded summation 34 


Cantor 22 
Cantor’s diagonal argument 31 
characteristic function 
of arelation 15, 16 
of aset 12 
code 
of a sequence of positive integers 40 
of a URM instruction 27 
of a URM program 29 
complement 13 
constant function 7 
constants 
function defined by using 9 
relation defined by using 16 
correspondence 
one-one 22 
countable 23 
countably infinite 23 
cut-off subtraction 10 


definition by cases 11, 20 
denumerable 23 
diagonal argument 31 


equality of functions 32 
exponentiation 10 


Fibonacci sequence 50 

floor 18 

function 
characteristic 12, 15, 16 
defined by cases 11, 20 
defined using constants 9 


inverse 22 
one-one 22 
onto 22 


primitive recursive 6 
restriction 25 


integer part 18 
inverse function 22 
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quotient function 17 
k-place relation 15 
relation 14-16 


length 41 ~ defined using constants 16 
primitive recursive 15, 16 
minimization 36 URM-computable 15, 16 
bounded 36-38 remainder function 17 
mutually exclusive and exhaustive 21 restriction function 25 


root number 48 
one-one correspondence 22 


one-one function 22 search 36 
onto function 22 set 
countably infinite 23 
partition 20 primitive recursive 12 
permutation 17 URM-computable 12 
predecessor 10 signum 12 
primitive recursion 5 signum-bar 12 
primitive recursive substitution 4 — 
function 6 symmetric difference 48 
function defined by cases 20 
relation 16 URM-computable relation 15, 16 
set 12 URM-computable set 12 


